Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 






HARVARD COLLEGE 
LIBRARY 




GIFT OF THE 

GRADUATE SCHOOL 

OF EDUCATION 





3 2044 097 013 270 



o 



ELEMENTS OF ALGEBRA 



FOR BEGIKNEES 



BY 



GEORGE W. HULL, M.A., Ph.D. 

PBOFBSSOB OF MATHEMATICS IN THE FIRST PENNSYLVANIA 

STATE NORMAL SCHOOL, MILLBRSVILLE, PA. 

AUTHOR OF "hull's MATHEMATICS" 



-«K>>««< 



NEW YORK:. CINCINNATI:. CHICAGO 

AMERICAN BOOK COMPANY 



> — 



'">- A » ^/"l / V 



q , c^ i--/ , u ' f A 



HAnVAffO CnLLtot UffuKti 

GUT Of THE 

6SADUATE SCHOOL OF FDUCATIOH 

i 



GOPYRIOHT, 1904, BT 

OEOBQE W. HULL. 

ElTTBRBD AT StATIOMBBS' HalL, LONDON. 



BL. OP ALOBBBA. H17LL. 
S.1 



PREFACE 

It is becoming more and more evident each year that a 
pupil receives more culture, makes greater progress in study, 
and, consequently, is better prepared for life, by beginning 
algebra early, than by spending the same amount of time 
on arithmetic. And when properly presented by both 
teacher and text-book, the study of algebra has never failed 
to be interesting and profitable. 

This book is written with the hope that it may contribute 
largely toward making algebra both valuable and popular 
to the young. To accomplish this end we have made the 
equation the most prominent idea of each chapter. In the 
first section we have made the transition from arithmetic 
to algebra so simple and easy that no pupil will experience 
any difficulty in mastering the elements of the science. 

A third feature of this book is a clear and logical discus- 
sion of all those processes that throw light and life into the 
operations of arithmetic. 

We express our sincere thanks for the assistance we have 
received from experienced teachers. 

GEORGE W. HULL. 
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ELEMENTS OF ALGEBRA 



I. ALGEBRAIC NOTATION 

1. Symbols. In Arithmetic the symbols 1, 2, 3, 4, 5, 6, 7, 
8, 9, and 0, called figures, are used to represent numbers. 
In Algebra the letters of the alphabet, in addition to the 
figures of Arithmetic, are employed to represent numbers or 
quantities. 

Thus, in Arithmetic, if a stone weighs 6 pounds and a 
brick 4 pounds, they both weigh 6 plus 4, or 10 pounds. In 
Algebra, if a stone weighs a pounds and a brick h pounds, 
they both weigh a plus h pounds. 

If a represents a number, 2 a will represent 2 times that 
number, 3 a will represent 3 times that number, etc. 

2. Addition. The symbol of addition is +, read plus. 
The symbol of equality is =, read equals. 

1. What is the sum of 2 times a number plus 3 times 
that number ? Evidently 6 times that number. 

2. What is the sum of 2 a and 3a? Evidently 5 a. 

3. Whatis thesum of 3a4-4a? Of6a + 7a? 

4. What is the sum of 2a + 3a + 4a? Of 46 + 56 
+ 66? 

5. What is the sum of 4w + 6w + 8w? Of 2a? + 3a; + 

6a; + 7a?? 

6. What is the sum of 3 w + 10 n ? What is the value 

whenw = 2? When w = 3? 

9 



10 ALGEBRAIC NOTATION 

7. What is the value of 4aj + 3» + 2a? when x = 2? 
When x = 5? 

8. What is the value of 4y + 3y + 5y when y=4? 
When y = 10? 

9. What is the value of 6 n + 4 a? when n = 3 and » = 4 ? 
When n = 5 and a? = 8 ? 

10. What is the value of 4m-|-3i^-f-2m-f-6y when 
m = 4 and y = 3? When m = 5 and y = 10? 

3. ^Subtraction. The symbol for subtraction is — , read 
minus. 

1. What is the difference between 5 times a quantity 
and 2 times that quantity ? Evidently 3 times that quantity. 

2. What is the difference between 5a and 2a? Evi- 
dently 3 a, 

3. What is the difference between 10a and 4a? Be- 
tween 12 y and 5y? 

4. What is the difference between 15 x and 7 a?? Be- 
tween 18 n and 10 n ? 

5. What is the difference between 8a;-f-6aj and 3 a;? 
Between 16 n and 4 n + 12 n ? 

6. What is the value of 20y — Sy when y = 4 ? When 
y=12? 

7. What is the value of 2n4-87i — 5n when n = 10? 
When 71 = 25 ? 

8. What is the value of 12 a; + 20 a: — 15 a; when a? = 12 ? 
Whena7 = 20? 

9. What is the value of 86 + 12 a — 66 when 6 = 8 and 
a = 10? 

10. What is the value of 18a;4-4y — lOa; — 4y when 
a: = 10 and y = S? 
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4. Multiplication. The symbol of multiplication is x^ 
read times. 

The product of two or more quantities expressed by letters 
is indicated by writing the letters side by side without any 
sign between them. 

Thus, axb is written ab, and a x 5 x c is written abc, 

1. What is the product oi xx y? Of ?» x n ? 

2. What is the product of axb xd? Oi mxnxp? 

3. What is the value of mn when m = 4 and 7i = 5 ? 

4. What is the value of abc when a=3, 6=4, and c=5? 

5. What is the value of 2xyz when x = 5, y=6, and 
z = 7? 

The Coefficient of a quantity is the number prefixed to it, 
showing how often it is taken. 

Thus, in 4 a, 4 is the coefficient of a?. 

The Factors of a quantity are the quantities which, when 
multiplied together, will produce it. 

Thus, the factors of a 6 are a and b. 

The Power of a quantity is the result obtained by using 
the quantity several times as a factor. 

Thus, a X a = a^, read a square; 

ax a X a = a% read a cube; 

axaxaxa = a\ read a fourth. 

6. What is the value of 4^ ? Of 6^ ? 

7. What is the value of n* when ?i = 5 ? Of n« ? Of n* ? 

8. What is the product of axaxaxaxaxa? 

9. What is the difference between n* and 2n when 
w = 6? 

10. What is the difference .between a? and Sx when 
x = S? When aj = ^? 



12 ALGEBRAIC NOTATION 

The Exponent is a number or a letter, written slightly above 
the quantity on the right, to indicate how often the quantity 
is used as a factor. 

Thus, in a^, 3 is the exponent. 

11. What is the value of oc^y^ when x=2 and y = 3 ? 

12. What is the value of a^y^ when x = 3 and y = 2? 

13. W^hich is the greater, and how much, 4 a; or aj* when 
x = S? Whena: = |? 

14. What equal quantities added together will give 7 a?? 
What equal quantities multiplied together will produce a?^ ? 

16. When a; = 3, what is the value of 3a;? Of ar^? Of 
4a;? Ofa;*? 

A point (•) is sometimes used to denote multiplication. 
Thus, 2.3.4 denotes 2x3x4. 

5. Division. The symbol of division is -5-, read divided 
by. 

Division may be expressed in several ways. 

Thus, - or a : 6 indicates the same as a -^ 6. 
b 

1. What is the value of x-^y when a? = 40 and y = 10? 

2. What is the value of mn -$- a when m = 8, n = 10, and 

3. What is the value oi x^-^y when a; = 10 and y = 25? 

4. What is the value of a^ -^ b^ when a = 8 and 6 = 4? 

5. What is the value of a;'* -^ 3 a; when a; = 9 ? When 
x = 6? 

6. What is one of the two equal factors of 16 ? Of 36 ? 
Of 64? Ofa^? Ofa;^? Ofn^? 

7. What is one of the three equal factors of 8 ? Of 27 ? 
Of 64? Oia^? Of 1/8? Ofn«? 
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The Root of a quantity is one of the equal factors of the 
quantity. The process of finding the root of a quantity is 
called Evolution. 

The symbol of evolution is -y/, called the Radical Sign. 
The figure placed in the angle of the sign is the Index. 
When no index is used th^ square root is understood. 

Thus, Vi indicates the square root of 4. 

V» indicates the cube root of x, 

•y/x indicates the fourth root of x, 

8. What is the value of Vl2l ? Of \/i25 ? 

9. What is the value of V» when x = 100 ? 

10. What is the value of Va6 when a = 18 and 6 = 2? 

11. What is the value of v win when m = 72 and n = 3 ? 

12. What is the value of V^ ? Of V^ ? 

13. What is the value of \/r? ? Of ^J/^V ? 

14. Write the sum of x andy; their difference; their 
product; their quotient; their square; their square root; 
their cube root. 

6. Signs of Aggregation. The symbols ( ), called Paren- 
theses, are used to indicate that the quantities inclosed are to 
be subjected to the same operation. 

Thus, 3 (a + 6) indicates that a + 6 is to be multiplied 
by 3. 

The Brackets [ ], the Braces \ | , and the Vinculum , 

are used for the same purpose. 

Thus, 3 (a + b), 3 [a + 6], 3{a + &|, and 3 X a + b, all 
mean that a -h 6 is to be taken 3 times. 

The Sign of Continuation is •••, and stands for and so on. 

Thus, a + a^ + a* •• • a** is read a plus a^ plus a^, and so on 
to a". 
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The Signs of Inequality are > and <, and are read is 
greater than and is less than, respectively. 

Thus, a > 6 is read a is greater than b, and c<d is read 
c is less than d. 

Bead the following expressions : 

1. 4(a — 6). 8. (a+V6-|-c)(m + w). 

2. 2/(wi + n). 9. {x-\-yy-'{x-'y)\ 

3. (a + 6) (a -6). 10. n(a^ — 2db + ly^, 

4. a + w(a — 6). 11. (m'^ + w^) -^ (m + n). 

6. m — o+y^. 12. (a2+6 + c^(a2 — 6-i-c^ 

6. 3(a — 6 + c). 13. {a— (n — a + 6)|m. 

7. oj + a^ + a^ ••• af. 14. aaa ••• to n factors. 

Find the value of the following expressions when a=^^y 
6 = 4, c = 8, and a? = 10 : 

15. (a + &)c. 19. (a^ — V)x. 

16. (a -6) -2. 20. (c^-l^a. 

17. (a + 6)(a — 6). 21. Va + a; + Voa? -f- 6. 

18. (a + 6 -he) a;. 22. (a' — ft^) -s- (a — 6). 

7. Algebraic Expressions. In the expression 2a-h36— 4c, 
2 a, +36, and —4c are called Terms. When a term has the 
plus sign prefixed to it, it is called a positive term; and when 
a minus sign is prefixed to a term, it is called a negative 
term, 

1. Name the terms and tell the kind of each term in 
3a; — 4y-f-6; 4 — 6a^ — y; a^ — 2a:y4-y^; m^ — n^. 

When an expression consists of one term, it is called a 
Monomial ; when it consists of two or more terms, it is called 
a Polynomial. A polynomial of two terms is a Binomial, and 
one of three terms a Trinomial 
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Thus, 4 a6 is a monomial, 

a-\-b is a binomial, 
a-\-b — c is a trinomial, 
and a + bf a + b — c, and m-{-n-\-a — b are polynomials. 

What is the value of each of the following expressions 
when a = 4, and b = 2? 

2. 2a + 6. 4. a^^2ab-\-b^ 6. a2-2a6 + 6*. 

3. a + 3?). 5. a* + a2 + l. 7. a^ + a^ + 1. 

When terms have the same letters affected by the same 
exponents they are similar. 

Thus, 4 ab^ and — 3 a6* are similar. 

Note. Neither the sign nor the coefficient affects the similarity of 
the terms. 

8. Select the similar terms from the following expres- 
sions : 

2 ab\ 3 a% 4 a^% - 2 a% - 2 abS - 3 a^ft^, _ aft^, - aV, 
8ar*y, 8a^, 14 a6*, 9aj^y, — «/, aj^2/^, — 6a^6l 

AXIOMS 

8. An Axiom is a self-evident truth. 

1. If equals are added to equals, the sums will be equal. 

2. If equals are subtracted from equals, the remainders will 
be equal, 

3. If equals are multiplied by equals, the products will be 
equal. 

4. If equals are divided by equals, the quotients will be equal, 

5. Like powers of equal quantities are equal. 

6. Like roots of equal quantities are equal, 

7. Things that are equal to the same thing are equal to each 
other. 
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SOLUTION OF PROBLEMS BY ALGEBRA 

9. An Equation is an expression of the equality between 
two quantities. 

Thus, 2 + 4 = 6, 2a?-}-4 = 10 are equations. 

1. Find the value of x when 2 a; = 10. A^is, x = 5. 

2. Find the value of y when 8 y = 24. 

3. Find the value of x when 6 a + 4 a; = 90. 

Solve the following equations : 

4. 10a? = 100. 8. 9aj-f3a? = 96. 

5. 8aj-2aj = 42. 9. 9y + 2y-y = 160. 

6. 4:X-\-2x = 120. 10. Sy-f 10^-32^ = 75. 

7. 10aj-3a; = 70. 11. 10 a; - 2 a; -f 12 a; = 100. 

TRANSPOSITION OF TERMS IN EQUATIONS 

10. The First Member of an equation is the quantity on 
the left of the sign of equality. 

The Second Member of an equation is the quantity on the 
right of the sign of equality. 

Transposition is the process of changing a quantity from 
one member of an equation to the other. 

1 . Solve the equation 8a; — 5 = 6a;-f7. 

PROCESS 

8a; — 5 =6iC + 7 Adding 6 to both members of the 

+ o = + ^ equation, we have 8a;=:6x4-7 + 6. 

8a; =6a;-f-74-5 Subtracting 6 x from both members of 

6a; = 6 a; this equation, we have 8a; — 6a; = 7 + 5. 

8aj __ gjj _ 7 4-5 Collecting the terms of this equation, 

we have 2 x = 12, or x = 6. 
or 2a; = 12 

x = 6y Ans. 
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By examining this process we see that in changing — 5 
and -\-6x from one member of an equation to the other their 
signs are changed. Hence we have the following 

Rule. A teiifa may he transposed from one member of an 
equation to the other, if at the same time the sign is changed. 

EXAMPLES 

Transpose and find the value of x in the following equa- 
tions : 

2. a; + 8 = 10. 10. 9a;-8 = 64. 

3. 5a; — 4 = 6. 11. 6a;=5a; + 4. 

4. 6ic-12 = 24. 12. 7a? = 18-2a:. 
6. 9a;-4 = 32. 13. 5a; = 124-4a;. 

6. 10a; + 14 = 44. 14. 12 = 4a;-8. 

7. 12a;-20 = 40. 15. 3a; + 4 = 2ar + 6. 

8. 8a; — 5 = 35. 16. 5a; — 6 = 3a; + 4. 

9. 7a; + 5 = 40. 17. 6a;-4-2a; = 20. 

PROBLEMS 

11. 1. The sum of two numbers is 60, and the greater is 5 
times the less. What are the numbers ? 

PROCESS 

Let X = the smaller number. 

Then 5x = the larger number. 

And a; -h 5 a; = 60, 

or 6x = 60, 

X = 10, the smaller number, 
and 5 a; = 50, the larger number. 

2. The sum of two numbers is 108, and the larger is 8 
times the smaller. Find the numbers. 
hull's el. of alo. — 2 



18 ALGEBRAIC NOTATION 

3. A and B have 450 acres of land. How many acres 
has each, if A has 4 times as many as B ? 

4. A is 6 times as old as B, and the sum of their ages 
is 98 years. What is the age of each ? 

5. M and N" have 1818 cattle. How many has each, if 
M has 8 times as many as N ? 

6. P and Q have $120,000. What is the fortune of 
each, if P has $ 21,000 more than Q ? 

7. R, S, and T have $150,000. How much has each, if 
E has $ 10,000 more than S, and S has f 10,000 more than T ? 

8. A, B, and C have $210,000. How much has each, if 
A has twice as much as B, and B twice as much as C ? 

9. The difference between two numbers is 120, and the 
larger is 5 times the smaller. What are the numbers ? 

10. A horse cost $ 160 more than a wagon. What was 
the cost of each, if the horse cost 5 times as much as the 
wagon ? 

11. If 120 is subtracted from 5 times a number, the 
remainder will equal 3 times the number plus 120. Find 
the number. 

12. If $50 is subtracted from 10 times what A paid for 
a cow, the remainder will be 5 times the cost of the cow 
plus $ 50. What was the cost of the cow ? 

PROBLEMS INVOLVING LITERAL NOTATION 

12. 1. A is n years old. What was his age b years ago ? 
What will be his age c years hence ? 

2. If w represents a man's daily wages, how much will 
he earn in x days ? In y weeks ? 

3. If X represents any number, what will represent the 
next higher number ? The next lower number ? 
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4. If a? represents the units' digit, and y the tens', what 
will represent the number ? 

6. If ^ represents the hundreds' digit, t the tens' and u 
the units', what will represent the number ? What will 
represent the number reversed? 

6. How many cents in a dollars, b quarters, and c dimes ? 

7. What is the distance around a rectangular room that 
is X feet long and y feet wide ? 

8. Find the surface of a cube that is x feet on a side. 
Find its contents in cubic yards. 

9. How many cords are there in a pile of wood a feet 
long, b feet wide, and c feet high ? 

10. If A can do a piece of work in a days, how much of 
it can he do in one day ? How much in n days ? 

Note. If A can do a piece of work in 5 days, in 1 day he can do 

4 of it. If he can do the work in a days, in 1 day he can do - of it. 

a 

11. If A can do a piece of work in x days, and B in 
y days, how much can they together do in one day ? How 
much in n days ? 

12. What is the sum of x-{-x-\- «••• to n terms ? 

13. What is the product of ««»••• to n factors ? 

14. How many acres of land are there in a rectangular 
field a rods long and b rods wide ? 



11. FUNDAMENTAL PROCESSES 

ADDITION 

13. Addition is the process of uniting several quantities 
into one equivalent expression, called the Sum. 

14. To add similar terms. 

1st. When the terms have like signs, 
1. Find the sum of 2 a, 3 a, and 6 a. 

s 

Since the quantity a is taken two times in the first 

term, three times in the second, and six times in the 

third, it is evidently taken 2 + 3 4- 6, or eleven times. 

Hence the sum is 11 a. Therefore, to add similar 

ila Ans, terms with like signs we have the following 

Rule. Add the coefficients, and prefix the sum with its 
proper sign to the common literal part. 



PROCESS 


2a 


3a 


6a 







EXAMPLES 






2. 


3. 


4. 


5. 


6. 


3x 


5y 


2ab 


^3xy' 


— 4 am* 


4:X 


8y 


4:ab 


-7xy^ 


— 5 am* 


7x 


9y 


6ab 


-Sxf 


— 8 am* 


Sx 


7y 


Sab 


— 5 an/* 


— dam 



Find the sum of : 

7. 4aj, X, 18 «, 20 a?. 9. 8a?y, 4ajy, 6a?y, 9xy. 

8. 7a, 8a, 9a, 10a. 10. —3a, —4a, —8a, —10a. 

20 
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11. -6aj2, -8aj2, -Gaj^, ^^y?. 

12. —a, —2 a, —10 a, —16 a. 

13. 9y, 8y, 16y, 24y. 

14. 11 aj^, 13 ay, 14 ay, 16 ay. 

15. 3 am, 6 am, 12 am, 24 am, 48 am, 20 am. 

16. 4m?i, 10m?2, 16 mn, 3mn, 9mn, 18mw.~ 

17. 40aj2y2, 20 aj^t^, 62a^y^ 80ar^y^ llaj'y', 420^^1 

18. 9a;y2, lOajy^, 11 xy^, V^xf, ldxy\ 14 a:/. 

19. -6ri2, -8n2, -lOn^, -41^2, -12^2, -60ril 

20. — 4 abc, — 6 a6c, — 10 abc, — 20 a6c, — 40 abc, 

2d.. TF/iew the terms have unlike signs, 

21. Find the sum of 13 a and — 8 a. 

PROCESS 

to ^ K^iQ« 13 a equals 6 a + 8 a. If — 8 a is united 

with 4- 8 a, the result is nothing. Therefore, 

ZlA^ ~ ^^ - 8 o added to 13 a equals 6 a. 

5 a, Ans, 

22. Find the sum of + 5 a, —6 a, + 9 a, and — 4 a. 

PROCESS 

15^ The sum of the positive quantities + 6 a 

g 4- 14 a *^^ + 9 a is 14 a ; and the sum of the 

Q ^ ^ negative quantities —6a and — 4 a is 

-f y a — JA)^ _ ^Q ^ ^j^g g^jj^ of + 14 a and - 10 a 

— 4a *4 a, ^ws. jg 4 ^, 
4a 

From these examples we derive the following 

Rule. Find the sum of tJie coefficients of the positive terms 
and the sum of the coefficients of the negative terms separately, 
subtra>ct the less from the greater, and give to the difference 
the sign of the greater. Prefix this difference to the common 
literal part. 
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Add: 

23. 16 and — 7. 27. — 16 abc and 20 abc. 

24. -14 and 8. 28. - 4 aj*t^ and 22 ar^.y2. 

25. 17 a and — 6 a. 29. 12 mn and — 28 mn. 

26. — 18 n and 8 n. 30. 81 a6* and — 62 dU^. 

31. 5a — 6a + 10 a — 14a — 12a + 20a. 

32. 6 a6 -h 5 a6 - 6 a6 - 18 a6 - 12 a6 -f 31 a6. 

33. 7 n* - 4 w* + 12 n2 - 40 n* + 102 n^ - 63 n\ 

34. 6 aa? + 24 aa; — 15 aa? -f 75 aa; — 42 aa; — 18 aaj. 
36. 9 m^x - 20 m*a; + 7n?x + 20 m^a? - 18 m^x - 6 m*aj. 
36. 4ar^^«-8a^y' + 12a^y2_i6aj2^^5^^„40aj2y2. 

15. To add dissimilar terms. 
1. Find the sum of 6 a, 5 b, and — c. 

PROCESS 

Q ^ Since the terms are dissimilar, they cannot 

K ^ be united by adding their coefficients ; the 

sum is indicated by connecting them with 
their proper signs, and we have 6 a + 6 6 — c. 



— c 



6 a + 5 6 — c, Arts, 

2. Find the sum of 2a— 3 ft, 5 6— 6 c, 4a— 5 c, — a+86, 
and 2 a — 6 -f c. 

PROCESS _, . ' A^' 

For convenience m addmg, we write 
2a — 36 the quantities so that similar terms are 

5 6 — 6 c in the same column. 

4 ^ 5 g The columns are added as in Art. 14. 

/, I ft 7) Th® s^™ of the first column is 7 a, of the 



2a— 6+ c 



second column 9 ?>, and of the third col- 
umn — 10 c. Hence the sum is 7 a + 9 6 



7a + 96 — 10c, Ans, -lOc. 
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From these examples we derive the following 

Rule. Write the quantities so thai similar terms shall he 
in the same column. Add each column separately. Connect 
the results with their proper sign. 



EXAMPLES 

3. 4. 6. 

4a — 56 5ab^ 6xy a — 66 

-6a-f-86 -Sab-\- 9xy +66- 15c 

13a-76 5a6— 6a^ 6a — 76 

— 5a — 26 — 7a64-12ajy —a — 86+ 5c 

6. Add 4a — 56, 6a + 46, a — 36, 6a + 76, a — 66, 
16a-20 6. 

7. Add 4a; — 7 y, a-i-T x + Ay, — 6a — 8a; + 92/, 5a — 
4ty, 7x-9yy lSa^l6y-'ll'x\ * 

8. Add 4:<x^--5a^+3xi 6aT^-^2a^- 5x, 7a^-}-9a^- 
lla, ~-Aa^-12x'-}-15x, 7»8^20ic^ + 6aj. • 

9. Add a^-3a^b + 3ab^-b^, a^ ■}- 3 a^'b -^ 3 a^^ -\- 1^, 4a8 
-5a26-6a62-86^ - 5a8 + 3a26-7 a62 + 6^ 

10. Add x^ -\- 2 xy -{- if, m? — 2xy -^y^, x^ -{- xy -}- y^, a* — 
^ -\-y^f ^ + 3 ajy + y^, ic^ — 5 a?y — 4 ^, — 6 ar^ — 6 a;y — 9 y^, 
10 0:^-7 xy-}-4:f, 

11. Add m* + 4m*7i + 6mV + 4 iwn^ + n*, 7w* — 4m'n + 
6 mV — 4 mn^ + n*, 

12. Add 6m2-5mri + 7< 4m2 + 6mn-8n*, 5n^-7m^ 
+ mr?, 4 mn — 4 m^ + 4 ti^, — 6 m^ — 5 mn + 5 n^. 

13. Add a*-2a6 + 6^ 5a2+7a6 + 8 6*, 13a«-5a6- 
4 62, -7a2 + 6a6-86^ -a2-6a6 + 26S -lla^ + b^. 



1 
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14. Show that x + y -i-z^b, if x = a-\-b-{-c, y = 2a + 
36-f 2c, and 2 = -3a-36-3c. 

16. Find the value ol x-{-y-\-z, when x = m^-\-2 mn + n^, 
y = 2m^ — 3mn + 2n*, and 2 = — 3m* + mn — 3 7i^ 

16. Add 4(a-5) + 3(c-d), 5 (a-6)- (c-d) - 8 (a 
_?,)4.7(c-d), l3(a-6)-9(c-(f). 

17. Add 5 aa; + 7 (m + n) + 3 5y, 4 oa? — 3 (m -f- n) + 5 6y, 

— 7aa? — 7(m + «) — 9^2/, 10 62^ — 6 aa; + 14 (m + »), 9% — 
11 ax — 17 (m + n), 6 (m + n) — 4 oa? + 5 6y. 

18. Show that a; + y + 2; = 0, if a? = m* + mn + n^, y = w^ 

— mw + n^, and 2 = — 2m^ — 2n^ 

SUBTRACTION 

16. Subtraction is the process of finding the difference 
between two quantities. 

The Minuend is the quantity from which we subtract. 
The Subtrahend is the quantity to be subtracted. 
The Remainder is the result obtained by subtracting. 

17. To subtract when the terms are positive. 

1. Subtract 5 a from 9 a. 

PROCESS 

Q It is evident that 9 times a quantity minus 5 times 

^ that quantity equals 4 times that quantity. Hence 9 a 

minus 6 a equals 4 a. 

4 a, Ans, 

2. Subtract 9 a from 4 a. 

PROCESS 

4a = 9a — 6a ^^ equals 9 a — 6 a ; and 9 a taken 

Q __ Q from 9 a — 6 a leaves — 6 a. Hence 9 a 

~~ subtracted from 4 a leaves — 6 a. 



— ^a —5a, Ans, 
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3. Subtract m-k-n from a. 

PROCESS I^ ni is taken from a the remainder is a — m ; 

but we wish to take m increased by n from a ; 

we have therefore taken n less than is required, 

— — and the remainder is n too large. Taking n 

a ^ m — n, Arts, from a — m the true remainder is a ~ m — n. 

Erom these examples we see that if we change the signs 
of the subtrahend, and then add, we shall obtain the same 
result as given by the solution. Hence the 

Rule. Conceive the signs of the subtrahend to he changed, 
and proceed as in addition, 

EXAMPLES 

Subtract : 

4. 5. 6. 7. 8. 

10a; 5aj 16aa^ 9a«* 12m + 4n 

bx 10 X 9 ojo^ 16 aic* 4 m -}- 12 n 

9. From 3 a + 6 + c take a + 2 6 + 2 c. 

10. From 126 + 8d + 7a2 take 35 + 10d + 5al 

11. From a^ + 3 a6 + 6^ take a^ + 2 a6 -f- h\ 

12. From a^ + a^y^-f y* take a^ + 2 ar^2^ -f y*. 

13. From 5ar*4-a^H-a; + l take 3a^ + a:2 + aj-f 3. 

14. From SOm^-f OOmn+TOw^ take 79m^+62mri+69w2. 

15. From 2a« + 3a% +3a62 + 268 take a» + 3a264-3a6« 

16. From 1 4-ic + ar*4-a^- ic* take a^^-f 2ar* + aj + H-3a^. 

17. From a» H- 6^ -f c« + 3 o^c take 3a6c + a» + 53 + 2c3. 

18. From 4(a + 6) +7(c-d) take 2(a + 6) +13(c- d). 
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18. To subtract when some of the terms are negative. 
1. Subtract — m from a. 

PROCESS 

__,_ a equals a + m — m ; — m taken from 

a-\-m — m leaves a + m. Hence — m sub- 
"~ ~ ~ tracted from a leaves a + w. 



a -\-m, Ans, 

2. Subtract m — n from a. 

PROCESS If m is taken from a, the remainder is a — m ; 

but we wish to subtract m diminished by n from 

^ a ; we have therefore subtracted n more than is 

m — n required, and the remainder, a — m^ is n too 

_ , A small. Adding » to a — w the true remainder 

is a — m + n. 

From these examples we again see that if we conceive the 
signs of the subtrahend changed, and then add, we shall 
obtain the same result as given in the solution. Hence the 

Rule. Conceive the signs of the subtrahend dianged, and 
proceed a^ in addition, 

EXAMPLES 





3. 4. 


5. 


6. 7. 


8. 


From 
Take 


a a 
c — c 

9. 10. 


- a 
c 


— a 14 a 

— c — 9a 


9a 
-14a 




11. 12. 


13. 14. 


From 
I'ake 


- 9a -14a 
-14a 9a 


— 


- 9a -14a 
14a - 9a 


14a 9a 
9a 14 a 




15. 


16. 


17. 


From 
Take 


a2 + 2a6 + 62 
a^^2ah + b' 




a^b -{- c a^ 
a -f- 6 — c a^ 


-2ab-\-b^ 
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18. From a^ -^ 2 -\- y -\- y^ take a^ ^ ocy — y^. 

19. From oc^ ■}- y^ take a^ — 2 xy — y^, 

20. From a« + 3a26 + 3a6« 4-6^ take a»-3a% + 3a62-68^ 

21. From a^ + aj^ + ar^ + a^ + aJ + l take x^ — a^ -\- a^ — a^ 
4-a: — 1. 

22. From «* + 4 a^^y 4- 6 a5^y^ 4- 4 a^ + y* take a?* — aj^^ + 
it^f — xf-^ y\ 

23. From ar^ + 5 aj*y 4- 10 a^y^ + 10 a?^/ + 5 «?/* 4- ?/* take 
of — x*y 4- aj^^ — a^y^ 4- a^ — y^, 

24. From 3 af* — 6 «*?/"• 4- 5 y" take 5 a?"* — 4 af^y** — 3 y**. 

25. From 3 ar^ 4- 4 1/» 4- 7 xy 4- 8 2^ take 9 a^ - 7 2/« 4- 7 a?y 

26. From 8 (a — 6) 4- 7 (c 4- ^ take 5 (a — 6) — 8 (c 4- ci). 

27. From 12 m^ — 8 mn 4- 6 n^ — 15 take 5 m* 4- 6 mw 4- 
6n2 - 14. 

USE OF THE PARENTHESES 

19. The Parentheses are so frequently used in algebra 
that it is important that the principles which govern their 
use should be well understood. 

Principle I. Paretitheses preceded by a plus sign may he 
removed without changing the signs of the inclosed terms. 

The expression 4 a — 6 4- (m^ -i-xy — jf)^ 

indicates that mx -i-xy — y^ is to be added to 4 a — 6. Add- 
ing these quantities, we have 

4 a — 6 4- mx ■^xy — y'. 

It is seen that the signs of the terms within the paren- 
theses are not changed when the parentheses are removed. 

Note. After removing the parentheses the terms should be col- 
lected when possible. 
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Remove the parentheses from the following expressions : 

1. a^4.(a.2-a^-|-2^2). 5. a^^f^(a^-Af), 

2. tt^ (a6 + 6^ - a^). 6. a^-^2ab-^b^-^(2ab-a'-b^. 

3. m^ — n* + (n^ — m^. 7. m^ -\-(n^— mn — m*). 

4. 22/2+ (2^2_^2a;2/- 3^2). 8. a^-ft^^ (a2-2a6 + 62). 

Principle II. A quantity may he indosed in parentheses 
if it is preceded by the plus sign, without changing the signs of 
the inclosed terms. 

This is evident, being the converse of Prin. I. 

Express the following as binomials : 
9. x — y-{-a — b, 13. a — fe + m + w + a? — y. 

10. m + n-fa; — y. 14. c-\-d-\-m — n-\-x-{-z, 

11. 4 — 35 + ^ — a. 16. 2 — x-\-a — b-\-m — n, 

12. a — x-\-m-{-n, 16. a — b-{-c — d-\-m — n. 

Principle III. Parentheses preceded by a minus sign mxiy 
be removed if the sign of each inclosed term is changed. 

The expression 

4 a — 6 — (mx -\-xy — y^ 

indicates that mx -\-xy — y^\% to be subtracted from 4 a — 6. 
Subtracting these quantities, we have 

4a-6 

mx -\-xy^y^ 

4 a — 6 — mx — ocy-^-^. 

It is seen that the signs of the terms within the paren- 
theses are all changed when the parentheses are removed. 
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Remove the parentheses from the following expressions : 

17. a— (-6). 21. a + 6 — (a — 6). 

18. x — (x — y), 22. aJ— y — (aJ + y). 

19. x—(—x + y). 23. m + 2n— (2m + n). 

20. m — (n-\-m), 24. 3a- 26 - (2a + 3 6). 

25. l-(l-aj) -f(aJ-a^)- (2a;-3ar^. 

26. 3a;— 2a— (2a; — 3a + 5) + (5 — a — a). 

27. m — 2 w* 4- (mn + n^ — (m -f ^^^ — n^- 

Principle IV. A qvantity may he inclosed in parentheses 
when it is preceded by the minus sign, if the sign of each term 
inclosed is changed. 

This is evident, being the converse of Prin. III. 

Express the following as binomials : 

28. m — n— p-fg — d + a;4-y — 2. 

29. — a+6 — m — riH-2 — 3y — 22 — m^ 

30. a; — 2y + 2 — 4 — m — n— p — g. 

Collect in parentheses the coefficients of x, y, and z in the 
following expressions : 

31. m4)c — ny —pz — ax-\-by — cz 

= (m — a)x — (n — b)y — (p + c)z, 

32. ax-\-by — cz — mx — ny — pz. 

33. 2x—3y — 4:Z'\-a^ — by-}-cz, 

34. 4 mx — 3ay + 5bz — 3nx — 5cy — S mz. 

Expressions sometimes occur containing two or more 
signs of aggregation ; as, 



a- |6-_(c-d4-e)}. 
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Such signs can be removed in succession by beginning 
with the inside pair or with any pair. 



35. Simplify a— \b -{- (a — & -f c)}. 
We remove the vinculum first, 

a— lb-\- (a — ft — c)}, 
and then the parentheses, 

a— {b -{-a— ft — c}, 
and finally the braces, 

a — ft — a-hft-hc. 
Collecting, = c, Ans, 

Simplify ; 



36. a -h (ft — c — ft), a — (ft -f c — d). 

37. a — (ft — c— ft), m— (n — ft — m). 

38. a— Jft — c-|-(a — ft — ft — c){. 

39. a;-[4a + ft-{6ft-(-8c? + 2ft-3ft-a)}]. 

40. a- [-4a- {-6ft-^(-8d + 6ft-a-f cT)}]. 

MULTIPLICATION 

20. Multiplication is the process of taking one quantity 
as many times as there are units in another. 

The Multiplicand is the quantity taken. 

The Multiplier is the quantity by which we multiply. 

The Product is the result of the process. 

21. Principle I. The exponent of a letter in the product 
is equal to the sum of its exponents in the two factors. 

Multiply a^ by a^. 

a^ = aa<i, and a^ = aa. 
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Hence a^ xa^ = aaa xaa = aaaaa = a'+^ = a*. 
Also a* xa^ = a*+^ = aJ ; 

a^ xa* = (^"^^ = a^ ; 

a^ xaJ = a^"^ = a^. 

Principle II. TJie product of two fiictors having like 
signs is positive, and having unlike signs is negative. 

Four possible cases may arise : 
1st. Multiply +a by H-3. 

+ ^ This means that + a is to be taken 3 times. Since 

+ a multiplication is an abbreviated form of addition, and the 

-{- a sum of any number of positive quantities is positive, then 

^3^ +3x + a = + 3a. 

2d. Multiply -a by +3. 

— a 

This means that — a is to be taken 3 times. Since the 

sum of any number of negative quantities is negative, then 

"~ ^ +3x-a = -3a. 

-3a 

3d. Multiply -|- a by - 3. 

_{_ d This means that + a Is to be taken 3 

Q times and this result is to be made negative. 

3x + a = +3a by the 1st part, and making 



— (-f 3 a) = — 3 a [^ negative, gives -(+3 a), or - 3 a. 

4tli. Multiply — a by — 3. 

^ This means that — a is to be taken 3 

Q times and this result is to be made negative. 

3x — a = '-3a by the 2d part, and making 



(— 3 a) = + 3 a jt negative, gives - (- 8 a), or + 3 a. 
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If a and b stand for any two quantities, we have 

-\-ax-{-b = -{-abf 

— ax-{-b = — aby 
-f a X — & = — a&, 

— ax— 6 = + a6. 

This principle briefly stated is; Like signs give +, and 
unlike signs — . 

22. To multiply when the multiplier is a monomial. 

1. Multiply 4 a^x by 2 a^. 

PROCESS To multiply 4 a^a; by 2 a', we must multiply by 2 

. o and then by a^, 

4 Ct 3/ 

2 times 4 a^ac is 8 a^x, 
^^ a8 times 8 a^ is 8 a^jc. 

8 a^x, Ans, Therefore, 4 a'hi multiplied by 2 a* is 8 a^x, 

2. Multiply 3 a^ - 2 a6 by 3 a^b. 

PROCESS 

3 a* — 2 a& We multiply each term of 3 a^ _ 2 a6 by 

3 (^2^ 3 a^b, and obtain 9 a*6 - 6 o^ft^. 

From these examples we derive the following 

Rule. Multiply each term of the multiplicand by ea^h term 
of the multiplier. 

To the product of the numerical coefficients annex each literal 
factor with an exponent equal to the sum of its exponents in 
both factors. 

Make the product positive when the factors have like signSy 
and negative when they have unlike signs. 
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, . , EXAMPLES 

Multiply at sight : 



3. 


4. 


5. 


6. 


7. 


8. 


-4 


5 


-6 


— a 


a 


— a 


2 


-2 
10. 


-2 
11. 


a; 


— X 


— X 


9. 


12. 


13. 


14. 


a' 


ajs 


m* 


-a* 


aj« 


— m* 


a» 


a?* 
16. 


17. 


a^ 


-aj« 


— m* 


15. 


18. 


19. 


20. 


aj" 


a^ 


a^ 


a,«+2 


a"-^ 


aj«+8 


aj* 


a** 


a^ 


a-»-« 


a«+i 


a.«+2 


21. 


22. 


23. 


24. 


25. 


26. 


- a«+* 


-a« 


._^4» 


yn^2 


aj*-» 


a^-" 


a"-» 


a"-« 


— yj3»-l 


yn 


a^» 


a«+2 



27. — a^ X — a® X — a*. 

28. --ax — a^ X—a^ x — a\ 

29. —a^x—a^X — a^X—m^x—a^. 

30. — 2/** X 2/" X — 2/" X 2/" X — 2/" X — 2/' 



Multiply : 








31. 


32. 


33. 


34. 


3aj2-27 


aH- 6--C 


2m^-n^ 


^-2/^ 


2aj 


3a6c 


2mn 


Sxy 



35. a2 + 62_c2 by 4a&c. 40. a^-Sa^&^ + fe^ by Sab. 

36. a:2^2r^^a;2^ by 3^52^^ 41, a^ — 3 a^6 + 6^ by —2ab. 

37. Q? — 2xy '\-y^ by 5aj.y. 42. m^+*ww + ^i^ by ^mn, 

38. a2-3a6 + 62 by -Sab. 43. a^ + a^-l by 4a2. 

39. 7^-\-a?-\-x-\-l by 3a?. 44. a"" - a^W '\- b"" by 4a»6^ 

hull's el. op alg. — 3 
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23. To multiply when the multiplier is a polynomiaL 

1. Multiply 3a- 26 by 2a-36. 

PROCESS 

o __ o ij ^® multiply 3 o — 2 6 by 2 a and 

"" then by — 3 6, and add the products. 

^^ ~~^^ 2 a times 3 a - 2 6 equals Qa^-4 ah, 

5 ^2 ___ 4^ ^^ and — 3 6 times 3 a — 2 6 equals — 9 a6 

- ^«P-t-OQ Adding, we have 6 a^ - 13 a6 + 6 ft^. 

6a2~13a& + 6&2, ^ns. 

From this example we derive the following 

Rule. Multiply each tei^in of the multiplicand by eo/ch term 
of the multiplier, and add the partial products. 





EXAMPLES 








2. 


.3. 




4. 




m +71 


m — n 




m +n 




7n -{-n 


m — n 




m — n 




m^ -\-mn 


m* — mn 


m^ + mn 




+ mn + n* 


— mn + n 


2 


— mn — 


■n» 


m^-{-2 mn + n* 


m^ — 2 mn + 


n« 


m« 


•n" 


5. 






6. 




a2 + a5 +6* 




0^ + 


X +1 
a? 4-1 




- a^b - a^^^ -- ab^ 


«*- 


0^4- a:* 
4-i»* — aj4-l 





a* -^a^b^ +b* (K* -f«* +1 



MULTIPLICATION 35 

Multiply : 

7. aj-h5 by a?-h5. 13. a + y by aj + y. 

8. aj — 5 by aj — 5. 1^, x — y hy x — y, 

9. a; + 5 by a? — 5. 15. a + i/ by aj — y. 

10. a? + 7 by aj + 3. 16. a?-{-f by ar^ — y*. 

11. aj-7 by a:-3. 17. 33^ + 22/^ by 2aj2-3yi 

12. aj — 8 by a? ~ 3. 18. w? + n^ by m^ — n*. 

19. a*-a2&2 + 6* by a^ -\-h\ 

20. m^ + m^ + l by m* — n^ + l. 

21. a^ — a + 1 by a^ + a-hl. 

22. a^-ha^ + a; + l by a?— 1. 

23. a;* — a^ + a^ — aj + 1 by a: + 1. 

24. l + 2a + 4a2 by l-2a + 4a«. 

25. a« + 2/^ by a^^f. 30. a:2_5 ^y a^_c. 

26. a'^ — lf' by aJ^ — h^ 31. a + & + c by a + c. 

27. ot'\-\f by a;** + 2/". 32. m^ — mn + n* by m + n. 

28. OiU' — h^ by a" + 6". 33. a^ + ajy^-^^ by x — y, 

29. a;** — 2/"* ^7 a:**H-2/"*. 34. a^ — 2a6 + y by a — 6. 

35. aj^ + 2a^-h^ by a^ — 2 a^ + ^. 

36. 3a + 5& — 3c by 3a + 56--3c. 

37. (aj2 + .V^)(a? + y)(aj~y)- 

38. (m — n) (m + n) (m^ -h 7i^ (m* H- w*). 

39. (aj-y)(a: + y)(a:2^2r^(^^^4)(a:8^yj)^ 

40 . (a; - y) (aj + 3/) (a; - y) (a? + y) (a - y) (a; + y). 
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SIMULTANEOUS EQUATIONS 

24. If we have the equation a? -f y = 4, and 
let a = 1 ; then y = 3, 

or x = 2\ then y = 2y 

or a; = 3 ; then y = 1, 

etc. etc. 

Since any of these pairs of values will satisfy the equation, 
it is impossible to determine definitely the values of x and y. 

But if we have the two simple equations, a; -h y = 4 and 
x — y = 2f and are required to find a pair of values which 
will satisfy both of these equations at the same timey we 



d-AVrfW V > 


^ ^J «, 5, w**^ 


x-y = 


= 4 

= 2 




2x 


= 6 


a,nd 




X = 


= 3; 


and 


by subtracting 


them, 

x-{-y = 
x — y = 


= 4 

= 2 



22/ = 2 

and y = 1. 

If we substitute these values of x and y in the given 
equations, we obtain 

x + y = 4: and a — y = 2, 

3 + 1 = 4 3-1 = 2. 

It is evident that these values of x and y satisfy both 
equations. 

It is also evident that we must have two equations when 
we use two unknown quantities in order to determine their 
values. 
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25. Simultaneous Equations are equations that are satis- 
fied by the same values of the unknown quantities. 



ELIMINATION 

26. Elimination is the process of deducing from two or 
more simultaneous equations a less number of equations 
containing a less number of unknown quantities. 

27. Elimination by addition or subtraction. 

r 2a; + 32/ = 16, 



1. Solve the equations 



l2aj-3?/ = 4. 



If we add the equations, 

2a;-f 32/ = 16 
2aj-3y= 4 

we have 4 a? =20 

and X =5. 

If we subtract the equations, 
we have 6 2/ = 12 

and y=z 2, 



2. Solve the equations 



'2ic + 4.v = 14, (1) 

. 3aj-f 52/=19. (2) 



Since the unknown quantities do not have the same 
coefficients in both equations, we must multiply the equa- 
tions by such numbers as will make the coefficients alike. 

Multiplying (1) by 3, 6 a? + 12 y = 42 (3) 

Multiplying (2) by 2, 6 a? + 10 y = 38 (4) 

Subtracting (4) from (3), 2 y = 4 



88 
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Substituting this value of y in (1), 2 aj + 8 = 14, 

2x = 6, 

x = 3. 

Ana. a; = 3, y = 2. 

Therefore, to eliminate by addition or subtraction, we 
have the following 

Rule. If necessary j multiply or divide the given equations 
by such a number cw will make the coefficients of one of the 
unknown quantities equaL 

When the signs of the equal coefficients are unlike, add the 
equations; when they are alike, subtract them. Solve the 
resulting equation. 

Solve the following equations : 

(x-y = l, 



3. 



4. 



5. 



6. 



7. 



8. 



9. 



10. 



x-\-y = 9. 

'2aj + 3y = 22, 

« 

2x— y = 6. 
'2aj-32/ = 4, 
\5x^3y = 31, 

I a; + 32/ = 13, 
[2x-{-5y = 2S. 
'3a; + 42/ = 32, 
\2x- y = 14. 
'llx-2y = 5, 
\ 10a; + 2^ = 16. 
'3a;+ y=:6, 
\5aj-f 2 2/ = ll. 

(9x-6y = S, 

< 

4 aj — y = 18. 



11. 



12. 



13. 



14. 



15. 



16. 



17. 



18. 



4:X-Sy = 22, 
.5a; + 2y=.39. 
r 6a; -f- 52/ = 61, 

5 a; — 6 2/ = 0. 

lOaj — y = 5, 
^10y-a; = 49. 
f 2a; -3y = 17, 

4 a; — 5 y = 35. 

2a;-3y = 4, 
a; — y = ^' 
Sx- y = 2, 
L 10a; + 22/ = 60. 
'4« + 22/ = 22, 

6a;-32/ = 3. 
rSa;- 22/ = 16, 
l5a; + 72/ = 43. 
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PROBLEMS CONTAINING TWO UNKNOWN QUANTITIES 

28. 1. The sum of two numbers is 14, and their difference 
is 6. What are the numbers ? 

2. The sum of two numbers is 400, and their difference 
is 150. What are the numbers ? 

3. Find two consecutive numbers whose sum is 63. 

4. A horse and wagon cost $300, and the horse cost 
$ 100 more than the wagon. What was the cost of each ? 

6. A and B together have $10,000. Two times A's 
money added to three times B's is $24,000. How much 
money has each ? 

6. If 6 pounds of sugar and 10 pounds of tea cost $ 6.30, 
and at the same price 10 pounds of sugar and 6 pounds of 
tea cost $4.10, what is the price of each per pound ? 

7. A hired 10 men and 8 boys for $30 a day, and at the 
same rate 7 men and 12 boys for $29 a day. How much 
did each earn in a day ? 

8. A boy bought 12 oranges and 10 bananas for 6^ cents. 
At another time, at the same price, he bought 5 oranges and 
8 bananas for 31 cents. What was the price of each ? 

9. If 6 horses cost $ 300 more than 20 cows, what is the 
price of each, if a horse and cow cost $ 180 ? 

10. Two farms contain 900 acres, the larger contains 300 
acres more than the smaller. How many acres are there 
in each farm ? 

11. Ten men and eight boys receive $ 38 per day for their 
labor, and 7 men receive $1 more per day than 20 boys. 
What are the daily wages of each? 

12. Twice the sum of two numbers is 60, and 3 times 
their difference is 18. What are the numbers ? 
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13. Four yards of cloth and 6 yards of silk are sold for 
$ 26, and 3 yards of cloth and 5 yards of silk for $ 21. 
What is the price of each per yard ? 

14. Ten bushels of corn and 12 bushels of wheat cost 
$ 14.60. But 12 bushels of corn and 10 bushels of wheat 
cost $ 14. What is the price of each ? 

DIVISION 

29. Division is the process of finding how many times one 
quantity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the result of the process. 

30. Principle I. The eocponent of a factor in the quotient 
equals its exponent in the dividend minus its exponent in the 
divisor. 

Divide a^ by a'. 

a* = aojaaa, and a^ = axm. 

^. a* aaojoxx , 

Then —^ = = aa = a . 

a® aaa 

Hence a* -5- a' = a*"^ = a*. 

In like manner a^^ -i- a* = a^^~^ = a^ 

Principle II. The quotient is positive when the dividend 
and divisor have like signs, and negative when they have unlike 
signs. 

Thus -f aft -s- + 6 = 4- a, since + a X +b = -{-ab. 

— a6 -5- -f 6 = — a, since —ax -f 6 = — a6. 
■i-ab-i — b= —a, since —ax — & = + a6. 

— a6 -*- — 6 = + a, since -j-ax —h^—ab. 
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31. To divide when the divisor is a monomial. 

1. Divide 6 a* by 2 a^. 

PROCESS To divide 6 a^ by 2 a^, we must take out the 

Q 3N /» 5 factors 2 and a*. 6 divided by 2 equals 3, and a^ 

^- — - divided by a^ equals a^. Hence 6a^ divided by 

3 a-, Ans. 2 a^ equals 3 a^. 

2. Divide 9 a^b^ - 6 a^b' by 3 a^l 

PROCESS Since dividing each term of a quan- 

o 2 2\n 5 •» *^^y divides the entire quantity, we 

3 a b ^9ab —6a:^b'^ divide each term of 9 a^b^ - 6 a*^^ by 

3 a^6 — 2 a^b\ Ans. a a^ft^, and obtain 3 a^ft - 2 a^b^. 

From these examples we derive the following 

Rule. Divide each term of the dividend by the divisor. 
To the quotient of the coefficients annex the literal quantities , 
giving each lettei* an exponent equal to its exponent in the 
dividend minus its exponent in the divisor. Make the quotient 
+ when the dividend and divisor have like signs, and — when 
they have unlike signs. 





« 


EXAMPLES 






3. 


4. 


5. 


6. 


7. 


2)6 


2)- 6 


-2)6 


-2)-6 


d)a* 


8. 


9. 


10. 


11. 


12. 


a'^a'' 


o^a^ 


ai'y . 


ay^ 


n*)n'^ 


13. 


14. 


16. 


16. 


17. 


a^a"^ 


a^-aP 


-a^-a^ 


-af)aji^ 


— 71^ — n® 


18. 


19. 


20. 


21. 


22. 


a'')a^ 


— a^^a^ 


— a^)—a^ 


a^)^ 


a?»}^ 
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Divide : 

23. 12 a^ic* by 6 ax. 33. a'-^^ by a''+^ 

24. 9 aV by — 3 a^a?. 34. — of by ic*". 

25. — 8 ttV by 2 ay. 36. — ar^ by a;^. 

26. 15 2^a^ by — 5 ^a*. 36. — a** by — a**. 

27. - 20 a%*c by - 5 a6*c. 37. 8 a^^ - 4 afe^ by 2 ab. 

28. 25 a V by - 5 a26«. 38. 6 m^n - 15 mV by 3 mn. 

29. - 16 a%* by - 4 a^ft^. 39. 42 a^j^ - 24 ar^ by 6 a:^. 

30. 12 a^y2^ by - 3 aj2^». 40. 7aj^-5aJ*-4ar^ by -a*. 

31. - 24 wV by 6 mnl 41. 100 ar^ - 50 a; by 25 a;. 

32. a'"bya^ 42. a^-\-2xy-{-y^xhj —x, 

43. m^n + mn^ + n^ by — n. 

44. 16 a*m^ + 10 a^m^ by 2 aW. 
46. aj« + ar^ + aj*H-a^ + ar^by a^. 
46. 6a^-12a^-18aJ*'»by 6a?». 

47. 2/""*"^ "■ y^~^ -" ^"~* by 2^- 

48. ar^ + ar^+^ - a^-2 by a:*. 

49. 9aj2-21aj3 + 27a;*by-3a^. 

50. m^ — m^ — TV? by — m*. 

51. 25a^2r^-30a:^-45ar^y + 50a^2/« by h:^, 

52. 22mV+33mw^ — 44mV — 55mn® by — llmw. 

53. - a*6V + a%^(? - afhH^ - 5 a'6V by - a^b^c", 

54. 2(a + ft)^-3(a + &)*-6(a + 6)* by (a4-&)^ 
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32. To divide when the divisor is a polynomiaL 

1. Divide a^ '\- 2 ab '\' l^ by a + 6. 

PROCESS 

oA-hf Divisor. 



a^+ ah 



a + 6, Quotient. 



a6 + 62 

Since the first term of the dividend, a^, is equal to the product of 
the first term of the divisor, a, hy the first term of the quotient, we 
can find the first term of the quotient by dividing a^ by a. a is con- 
tained in a^, a times ; a times a -\-h equals a^ _j_ ^jj. Subtracting, and 
bringing down the next term, we have ah + h^. 

Since the first term of this new dividend, a&, is equal to the product 
of the first term of the divisor, a, by the second term of the quotient, 
we can find the second term of the quotient by dividing ah by a. a is 
contained in a&, h times ; h times a + 6 equals ah + h^. Subtracting, 
there is no remainder. Hence the quotient is a + &. 

From this example we derive the following 

Rule. Arrange both dividend and divisor according to the 
ascending or descending powers of a common letter. 

Divide the first term of the, dividend hy the first term of the 
divisor for the first term of the quotient, 

MuUij)ly the divisor hy the first term of the quotient, and 
subtract the product from the dividend. 

Treat the remainder as a new dividend, and proceed as 
before. 

Continue the process until the remainder does not contain 
the leading letter. 

If there is a remainder after the laM division, write it over 
the divisor in the form of a fraction, and annex it with the 
proper sign to the quotient already found. 
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Z. 



4. 



EXAMPLES 


c^-b^ 


a — b 


a« - a^b 


a^ + ab-{- V 


a% 


-6» 


a^b 


-dt^ 




ab^ - b^ 




ab^ - b^ 


16aJ*-8ar^a2-f-a* 


^^-a^ 


16a^-4ar^a2 


4aj2-a» 


-4a;2^2^a^ 




-4a^a2 + a* 




m* + m V + n* 


IT? 4- mn H- w* 


m* + wi^ 4- m V 


m^ — mn + n* 


— m^ + w* 




— Tnhi — m^n^ • 


— mn* 


mht^ ■ 


■f mn* + n* 


mV ■ 


-h mn^ + n* 



Divide: 

6. a^ — 2aj^4-^ by a? — y. 

6. aj* — 3 ic^2/ + ^ ^2/^ — 2/^ lt)y a? — ^. 

7. aS + a2& + a62-{-6« by a+&. 

8. a* + 6* by a + 6, and a* + 6* by a + 6. 

9. m' — n* by m^ + ^^^ + w*. 

10. a;^ + / by a^ + 2/^. 

11. 13a? + 15a^- 17 ar^- 3 by 5ar^-4aj + 3. 

12. a;« + 10a;~33 by 3 + a:^-2aj. 

13. 27a8 + 68 by 9a2-3a6 + 6^ 

14. a«-3a*62_|.3^254__^6 by a8-3a26 + 3a&* 



h\ 
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16. a^° + &'° by a^ + dl 

17. a}^-{-b^^ by a^ + b\ 

18. m* + m* — 2 m — 2m^ by m*-f-m. 

19. a;^ + a;*-ic2 + ic2_|_j^ ]^y ^_l_aj_|_i. 

20. 15m*-19m2n + 5m2 + 6w2-3n by 5m^-Sn. 

21. / + a^ by 2/* — 2/V + a;*. 

22. ar* - 8 by a; - 2, and / 4- 27 by y^ ^ 3. 

23. ar^" — 4 by aj« — 2, and a^ — ^9 by aj3-f-7. 

24. ar^ + aj3 + 7 a^ + 5 ar* by a; — aj2. 

26. 12aj»-17a^y + 26a;y2 4-152^ by 4a; + 3y. 

SPECIAL METHOD FOR DIVISION OF BINOMIALS 

33. The following method of division is so important in 
abridging algebraic work that the pupil should learn to per- 
form it with rapidity and accuracy. 

ILLUSTRATIONS 

By performing the division we have 

- a*b + &^ 

- a*b - a%^ 



a^b^ + b^ 



- a^b^ + ^ 

- aV - ab* 



ab*-hb^ 
ab*-^b^ 
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a'b- 


-b' 


a^h- 


-a^l^ 




c^b^ - b' 




a^b^ - aV 




a^W - b^ 




a^b^ - a6* 




ab' - b' 




ab'-b^ 



By carefully inspecting these two examples we derive the 
following conclusions : 

I. When the divisor is a-{-b the signs of the quotient are 
alternately plus and minus, 

II. When the divisor isa — b the signs of the quotient are all 
plus. 

- III. The first term of the quotient is found by dividing the 
first term of the dividend by the first term of the divisor, 

lY. Any succeeding term of the quotient may be found by 
dividing the term of the quotient last found by the first term of 
the divisor, and multiplying the result by the second term of the 
divisor. 

Thus, ^±^ = a^-ab + b\ 

a-\-b 

Since the divisor is a + 6, the signs of the quotient are 
alternately plus and minus. 

The first term of the quotient is a^-^a^ a\ 
The second term is (a^ -5- a)b = a6. 
The third term is (06 h- a)b = b^. 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



9. 



10. 





REVIEW 






de the following binomials : 






a — b 


11. 


a + ft 


21. 






12. 


a'-b' 
a-b 


22. 


a" 4- ft* 
a^ + b 


c^-^b^ 


13. 


a^ + / 


23. 


m® + w* 


a — b 




x-^y 




m' + n 


a'-b' 


14. 




24. 


al>-l 


a — b 


x-1 


a'-^b^ 


15. 


a^-{-b^ 
aj8 + ft' 


25. 


aj8 + 27 


a + 6 


aj4-3 


a«--6« 


16. 


a.10 _ 2^10 
» — y 


26. 


a3-64 


a — b 


a-4 


a'-b' 


17. 




27. 


l-n» 


a-^b 


1-yi 


a'-b' 


18. 


a;* + y* 


28. 


a^o + ft* 


a — b 


a* + ft 


a'-^-b' 


19. 


a^ + 2/' 


29. 


a^-1 


a + 6 


»-l 


a«-68 


9.ft 


a^4-2/» 


fi(\ 


m« - 126 
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a — b 



^ + f 



m — 5 



REVIEW 

34. 1. Add4a — 5ft + 6c, 7a+8ft— 5c, 5ft— 6c-10a, 
40c — 8ft4-5a, and llc4-5ft — 13a. 

2. Adda2 + 2aft4-ft2, a2-2aft + ft^ Sa^ + Saft 4-3ft2, 
5a--5a6 + 5ft2, 10 a* - 20 a6 -+- 10 ft^ llaft-ea^-Gft^, 
10ft2-14aft4-9a2, and 20 a^ +20 aft + 20 ft^. 

3. Add am^ — ftn^ — 14 mUf — cm^ + dn^ + 12 mn, bm^ 
+ an* + 9 mn, and (c — b — a)m^ — (d — b -{- a)n^ -{- mn. 
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4. Subtract 8 m* — 6 mn — 5 ?i* from 12 m^ + 10 mn—6 nK 

5. Subtract 12 a^ - 15 a^b -h 15 aft^ - 12 b^ from 11 a^ + 
11 a'b + 11 aft^ -h 11 b^ 

6. Subtract ?n* — 4m*-f-m2 — 6mH-7 from 9 — 12m + 
2 m^ — 3 m^ + 4 m* — 5 m^ 

7. Multiply m^ + w^ by m* + n\ 

8. Multiply Qc^ -{- xy -\- y^ hj aP — xy -{- y^. 

9. Multiply m — a-h^bym + a-f-ft. 

10. Divide4aj*4-y*-5aj2y2by 2ar* + y2 + 3aJ2/. 

11. Divide m* — 6 m^ — 7 m^ — 6 m by m' -H ^^ 4- w. 

12. Divide a5* -f- ^2/^ 4- ^ by a* -f- icy + y^ 

13. Find the value of a — (a — 5) -f- & — {2 6 — (— 6 — 

14. Find the value of — {a + 6 — [a + 6 — (a -f- 6 — 
ST6)]J. 



15. Find the value of { (a — 6 -h c) — 6 — (a — c -h 1) — 



(b — c — a)l, 

16. Divide a^^ + y^ by a* + 2/^. 

17. Divide a^* + ^"^ by a» + 6^. 

18. Divide a?" — y^^ by ar* — y^. 



20. Solve 



21. Solve 



8 a; - 7 2/ = 0, 
4a; 4-32^ = 52. 

'5aj + 42^ = — 17, 
6a;-32/ = -36. 



III. COMPOSITION AND FACTORING 

COMPOSITION 

35. Composition is the process of forming composite 
quantities. 

36. A Composite Quantity is the product of two or more 
quantities. 

Principle I. The square of the sum of two quantities is 
equal to the square of the first, plus twice the produ^ct of the 
first and second, plus the square of the second. 

Thus, by multiplication, 

a + 6 
a 4-6 



+ ah^h^ 
a2+2a6-f62 

Also, (m + w)^ = m^ + 2 mn.+ n^. 

And, (2aH-36)2=4a2_|_i2a6 + 9 6l 

EXAMPLES 

Write by inspection the values of the following : 

1. {a-\-x)\ 3. (x-^y)\ 5. (6 + c)2. 

2. {a-^n)\ 4. (y + bf. 6. (m -^ nf. 

hull's el. of alg. — 4 49 



60 COMPOSITION AND FACTORING 

7. (l-^ny. 12. (yH-4)l 17. (6 + «)*. 

8. (a-^mf. 13. (a -^5)*. 18. (2a + 36)2. 

9. (r + ty. 14. (2+a;)l 19. , (5 a + 4 6)2. 

10. (a; 4-2)2. ^g^ (7 + m)*. 20. (3x-^Syy. 

11. (a; + 3)2. 16. (5 + n)2. 21. (2a + 5a;)2. 

Principle II. The square of the difference of two quanti- 
ties is equal to the square of the firsts minus twice the product 
of the first and second, plus the square of the second. 

Thus, by multiplication, 



a — 6 






a —b 






a^— ab 




- ab^V 






a2-2a6 + 62 






Also, (m — w)2 = m2 — 2 mn 


+ n2. 




And, (2a - 36)2= 4a2- I2a6 + 9 6*. 




EXAMPLES 






Write by inspection the values of the following : 




1. (a — 6)2. 8. (a — m)2. 


16. (4- 


x)\ 


2. (a-a;)2. 9. {s-t)\ 


16. (^a- 


- 2 6)2. 


3. ix-y)\ 10. (a? -2)2. 


17. (3 a;- 


-3y)l 


4. (y-6)2. 11. (y-3)2. 


18. (4 a;- 


-52/)2. 


6. (n-m)2. 12. (a -4)2. 


19. {2x- 


-5y)2. 


6. (6-c)2. 13. (2-a)2. 


20. (7 a;- 


-3y)2. 


7. (Z-.w)2. 14. (3-m)2. 


21. (3 m 


- 7 n)2. 
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Pbinciple III. The product of the sum and difference of 
two quantities equals the difference of their squares. 

Thus, by multiplication, 

a-\-h 
a — h 

- ah-W 

Also, (m -{- n)(m — n) = m^ — r?. 

And, (2 a + 3 6)(2 a - 3 6) = 4 a^- 9&«. 

EXAMPLES 
Write by inspection the values of the following : 

1. (a -H &^(a — c), 10. (5 a; -H 5 y)(5 x — 5y). 

2. (m — a)(m -f- a). 11. (3 m — 10 ri)(3 m + 10 w). 

3. (x-^n)(x — n). 12. (A + 2 B)(A — 2 B), 

4. (x + y){x-y). 13. (y - 3«)(y-h 32). 

6. (a — x)(a -{- x), 14. (5 a? + 4 2^)(5 a? — 4 y). 

6. (2 a + ft)(2 a — 6). 15. (oa; — 6y)(aa; -f 63^). 

7. (a-f3&)(a-36). 16. (ab -{- 2 c)(ab - 2 c). 

8. (4a + 26)(4a-26). 17. (2a6 + 3c)(2 a6-3c). 

9. (Sx — 5y)(3x-\-5y), 18. (4mn— 3a:2/)(4mn+3a^). 

Principle IV. The product of two binomials having a 
common term is equal to the square of the common term, the 
algebraic sum of the unlike terms multiplied by the common 
term, and the algebraic product of the unlike terms. 
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Thus, by multiplication, 

a + 6 

a-l-c 

a^ -f- 6a 
-f- ca -f- 6c 

a^ -f (6 4-c)a + 6c 

Also, (a -f- 5)(a - 3) = a^ -f- 2 a - 15. 

And, (a + 5)(a - 7) = a^ - 2 a - 35. 

EXAMPLES 

Write by inspection the values of the following : 

1. (m + 2)(mH-3). 10. (m - 8)(m -f- 3). 

2. (aj -f- 4)(a; + 5). 11. (a -f- 10) (a; - 12). 

3. (y + 3)(y-h4). 12. (y-9)(y-4). 

4. (a-2)(a-3). 13. (a -\- x)(a -^ y). 
6. (n - 3)(n - 7). 14. (c + d)(c +/). 

6. (c — 5)(c — 10). 15. {x -f- y){x -f- «). 

7. (aj - 5)(a; + 8). 16. (a - 6)(a -f- c). 

8. (a; — 2)(aj -f- 10). 17. (m + x)(m — y). 
9- (y + 7)(y-3). 18. (a-c)(a-h6). 

FACTORING * 

37. Factoring is the process of resolving a composite 
quantity into its prime factors. 

The factors of a cpmposite quantity are the quantities 
T^hich, when multiplied tpget]ier, produce it. 
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A Prime Quantity is a quantity that cannot be produced 
by the multiplication of other quantities ; as 

17, aj a-^h, or a* -h 61 

By Art. 5, one of the two equal factors of a quantity is 
its square root. 

Thus, the square root of 9 a* is 3 a. 



I. TO FACTOR MONOMIALS 

38. The prime factors of monomials may be obtained by 
inspection. 

Thus, the prime factors of 6 aH>^ = 2x3 aaabb. 

Factor : 

1. 20a^\ 5. SI a^b\ 9. 216 m^a'n^ 

2. 16 mW. 6. 108 mV. 10. 125 a%\ 

3. 54ar^2^. 7. 120aj*y 11. 105 icy. 

4. 64a268c^ 8. 144 a^ft V. 12. 169 mW. 

n. TO FACTOR BINOMIALS 

39. When the binomial is the difference of two squares. 
1. Factor a^-b^ 

Since (a + b)(a —b) = a^ — b^, the factors of a^ — b^ are 
(a H- &)(a — 6). 

From this example we derive the following 

Rule. Take the square root of each term. 

The sum of these roots is one factor. 

The difference of these roots is the other factor. 
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Factor: 

2. m* — n\ 

3. c2-d«. 

4. a^ — 1^. 

5. ic*-l. 

6. 1 — ml 



7. 4m2-9nl 

8. 16 a*- 26 61 

9. 4ic*-49yl 

10. 36 62-81m2. 

11. a^y^-a^b\ 



12. m* — n\ 

13. m^ — nl 

14. m^« - n}\ 
16. a8-6^ 
16. a^-62*. 



The same principle may be applied to the following 
binomial forms : 

17. Factor a* - (6 -f c)l 

The square root of the first term is a. 

The square root of the second term is 6 + c. 

Their sum is a + 6 4- c. 

Their difference is a — 6 — c. 

Hence, the factors are (a-^-b +c) and (a — 6 — c). 

18. Factor (a + bf - (c + d)\ 
The first factor is (a -{- b -^ c -{- d). 
The second factor is (a-{-b — c — d). 



19. (a + 6y-c*. 

20. (x -h ^)^ — 21*. 

21. (m-f-n)^— J3l 

22. (a — xy — ^. 

23. (l-nf-mK 

24. aj2 — (y + «)2. 

26. a2-(6-c)2. 

26. c^ — (m-H7i)l 



27. si^—(a — yy. 

28. (« -f- 2/)2 — (m H- w)l 

29. (a + 6)2 - (c + d)l 

30. (x — 2/)* — (» — v)2. 

31. (m — n)2 — (n +jp)'. 

32. (a; + l)2-(2/-2)2. 

33. (ax -f- 6y)* — (cz — dvf, 

34. (m^ + n2)2 - (a2 - 6y. 



Polynomials can sometimes be arranged in the form of 
the difference of two squai*es, and factored like the pre- 
ceding examples. 
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35. Factor a^^2ab + W-(?. 

This may be arranged and factored as follows : 

a« + 2a6H-62-c2=(a-f-6)'-c2=(a-f6-fc)(a + 6-c). 

36. ic2 + 2a;i/ + 2/^-2^ 40. a^-f-{-b^-2ab. 

37. a^ — 2ax-{-a^ — c^, 41. m^- n^—p^-^2pn, 

38. y^ — a^ — 2xz — z^, 42. a^ — 2i«/ — a^ — 2^. 

39. m* — 2mn4-w^— p^. 43. a^ — 1 -^ y^ -^ 2 xy, 

40. When the binomial is the sum or difference of any 
powers of two quantities. 

Theorem I. The difference of any powers of two quantities 
is divisible by the difference of the same roots of those powers, 

1. Factor a«- 68. 

The -^ = a, and ^P = b. 

qS 7^8 

Then = a^ -f- a6 -f 6*, and the factors of a* — 6* are 

a — b 



a—b and a^-\- ab + 

2. Factor a«-6» and a«- 6". 

aS - 6» = (a - 6«)(a2 + ab^ + b^. 





a«- 


-6«=(a2-6«)(a* 


3. 


a»~ar». 


8. a^ — y^. 


4. 


a«-6«. 


9. ar^-2/^^ 


5. 


a^-6^ 


10. m^^ — 2^^. 


6. 


a«-.6». 


11. iB'-y'^. 


7. 


a^-2^. 


12. m«-126. 



13. n2-36. 

14. a^-b^\ 

15. l-6«. 

16. 8-6«. 

17. a^«-&". 
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Theorem II. The sum of any powers of two quantities is 
divisible by the sum of the same odd roots of those powers. 

1. Factor a« + &^. 

The ^o^ = a, and ^¥ = b. 

Then ^^-i — = a^ — ab -^ b\ and the factors of a' + b^ are 
a-f- 6 

a -f- 6 and a^ — ab-\- b\ 

2. Factor a® + b^ and a* + b^. 

a« + 66 = (a^ + &0(a* - a^ft^ + ft*). 
a« + 61* = (a + b')(a^ - a6* + ft^^). 

3. m« + n». 8. a^-^y^^. 13. a«-f-2>^. 

4. a* + 6*. 9. a" + 2^". 14. w*H-l. 
6. m^ + 6^ 10. «^° + t/^. 15. a^-f-&^. 

6. aJ«H-6«. 11. m^ + w^ 16. m« + n^. 

7. w^^^ + m^^. 12. a^ + 27. 17. / + 2^. 



III. TO FACTOR TRINOMIALS 

41. When the trmomial is of the second degree. 

A trinomial of the second degree will assume one of the 
six following forms : 

First Form. 1. Factor a^ -f- 2 a6 + bK 

By Art. 36, Prin. I, this is evidently the square of 
a + b. Hence a^-^2ab-\-b^ = {a-^b)(a-^b)= (a + by. 
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Factor: 

2. m^ + 2mn-\-n\ 7. 4a*-H4a& + 6'. 

3. a^ + 2 a-y -h 2/2. 8. a2 + 6a6-f-962. 

4. a2 + 2aajH-aj2. 9. 4a24.12a6 + 9 ft^. 
6. p2_|_22>m + m2. 10. 16 ic^ _^ 24 a^y + 9 3/^. 
6. a^-{-2am-^m\ 11. m^^- 16m + 64. 

Second Form. 12. Factor a^ — 2 06 -f- 6^. 

By Art. 36, Prin. II, this is evidently the square of a — 6. 
Hence 

a^ - 2 a6 + 6^ ^ (a - 6) (a - 6) = (a - by. 

Factor : 

13. m^ — 2mn+w^. 18. 9a:^ — 6xy-^f, 

14. c2-2cd + c22. 19. 16a2-8a + l. 

16. f-2yx-\-x^. 20. 25 a^ -f- 16 6* - 40 a&. 

16. a2-f-d2-2ad. 21. 100 ar^ + 64 ft^ _ 36 a;6. 

17. j^-h^-2pq. 22. a^- 26a + 169. 

Third Form. 23. Factor a^ + 7 a + 12. 

By Art. 36, Prin. IV, the first term of each binomial is 

a, the product of the other two terms is 12, and their sum 

is 7. The factors of 12 are 

1x12, 

2x6, 

3x4. 

Since the sum of the two numbers is 7, they must be 3 
and 4. Hence, 

a2 + 7a + 12=(a + 3)(a + 4). 
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Factor : 

24. a2H-8a + 12. 29. m2-fl0m-f24. 

26. a2+13a + 12. 30. ic*4-lla; + 24. 

26. ic*H-9a;H-20. 31. /4-14y + 24. 

27. m2 + 12m + 20. 32. 22^252 + 24. 

28. ic2 + 21» + 20. 33. ^2 + 4371+82. 

Fourth Form. 34. Factor a* — 7 a 4- 12. 

This form is factored like the Third Form, with the 
second term in each factor negative. Hence, 

a2-7a-hl2 = (a-3)(a-4). 
Factor : 

35. aj2-9aj-f-14. 40. m*-20m + 91. 

36. a2-5» + 6. 41. ic2 _ 22 X + 105. 

37. m^- 13 a + 22. 42. 2/2_23» + 120. 

38. 2/2 _ 11 a- ^30. 43. a2-18ir + 77. 

39. 22_i5aj + 50. 44. z'-22x-\-S5. 

Fifth Form. 45. Factor a^ + 7 a — 18. 

This form is factored like the Third Form, with the 
second term in one factor positive, and in the other term 
negative, the positive term being the greater. Hence, 

a2 + 7 a - 18 = (a + 9) (a - 2). 
Factor : 

46. ic2 + 6»-16. 51. a?-^lx—4A, 

47. 2/^ + 6y-27. 52. y2 4-9y-36. 

48. 22_^62;-40. 53. z^-{-Sz-^b, 

49. m^-\-^m — 65. 54. m^-j-lSm — 48. 
60. n^-^6n — 72. 66. n^+20n-96. 
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Sixth Form. 56. Factor a^ — 6 a — 16. 

This form is factored like the third form, with the second 
term in one factor positive and in the other negative, the 
negative term being the greater. Hence, 

a2 _ 6a - 16 = (a - 8)(a + 2). 
Factor : 

67. i»*-8a:-48. 62. «^-2«-120. 

68. 2^-42/-60. 63. P__22?-24a 

69. m^-Sm — 84. 64. or^ — 4 a; - 140. 

60. n2-16w-80. 66. i/^-y-90. 

61. 22-621-135. 66. 22-72-78. 

IV. TO FACTOR POLYNOMIALS 

42. When the polynomial contains a common factor. 

1. Factor 5 a^c - 10 a&c + 15 ac2 - 20 ac«. 

By examining the polynomial we see that 5 oc is a factor 
common to all the terms. Dividing by 5 ac, we obtain the 
other factor. Hence, 

5 ac )^ d?c - 10 ahc -f- 15 oc^ - 20 oc^ 
a - 26 + 3c - 4c2 ' 

EXAMPLES 
Factor : 

2. a^ + 2a»6-ha6l 7. 2r^ - 12 j^ - 64 y. 

3. a^ -\-2 a^b + ab^ — ac?. 8. o^ — a^. 

4. ar*-f-2ar^ + ic*. 9. /H-yar^. 

5. 2^ + 3tr^4-3.v'-f2^. 10. aJ^-abK 

6. iB3 + 7a^H-12aj. 11. m^-mn^. 
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MISCELLANEOUS EXAMPLES 

Factor : 

1. a;*-y*. 13. m^ — 7 m — 120. 

2. 2a^-4aj + 2. 14. (x -{• yf - (x - yy. 

3. m^ 4- 18 m 4- 81. 15. m^- 32 m + 256. 

4. a^^(b-cy. 16. (m-w)2-p2 

5. m« + n«. 17. (ci^ ^ Vf - {c" -- dFf. 

6. aj^^ + 2/^^ 18. a2-a-90. 

7. 36 2/^ + 12 2/ + 1. 19. ic2 + a;-132. 

8. a^'-y^\ 20. (aj + y)2+2(x + 2^) + 1. 

9. y2-3y-130. 21. rn}^-{-m\ 

10. a2 + 2a-99. 22. 2* + 20 s;^ + 100. 

11. a^— (a + 6)l 23. a^ — a^— aj + 1. 

12. 71 — n^ 24. a^ + i»2 + aj + l. 

HIGHEST COMMON DlVISOt^ 

43. A Divisor of a quantity is a quantity that will exactly 
divide it. 

Thus, 3 a is a divisor of 6 a^ 

44. A Common Divisor of two or more quantities is a 
quantity that will exactly divide each of them. 

Thus, 3 a is a common divisor of 6 a^ and 9 a^h. 

45. The Highest Common Divisor (H. C. D.) of two or more 
quantities is a divisor of the highest degree that will exactly 
divide each of them. 

Thus, 3 a^ is the H. C. D. of 6 a^ and 9 a%. 

Principle. The highest common divisor of two or more 
quantities is the product of all their common pnme factors. 



HIGHEST COMMON DIVISOR 61 

46. To find the highest common divisor of quantities that 
can be readily factored. 

1. Find the H. C. D. of 6 a'b^x and 9 a^bit". 

PROCESS 

6 a^b^x = 2xSxaaxbbxx 
9 a^boc^ = Sx3x(mxbxxx 



H. C. D. = 3xaax6x» = 3 a^bx, Ans, 

Since the highest common divisor is the product of all 
the common prime factors (Art. 45, Prin.), we resolve the 
quantities into their prime factors. The only prime factors 
common to both quantities are 3, aa, b, and x, and their 
product, 3 a^bx, is the highest common divisor. 

2. Find the H. C. D. of a* - 6* and a« + 6«. 

PROCESS 

a*^b*=(a'-\-b'){a-{-b)(a---b) 
gg + ftg = (g^ + b^ (g^ -- a'b^ + ¥) 
H.C.D = a2 + 6^, Ans. 

Therefore, to find the highest common divisor of two or 
more quantities we have the following 

Rule. Resolve the quantities into their prime factors, and 
take the product of all the common factors. 

EXAMPLES 

Find the H. C. D. by inspection of : 

3. ^a^fz and 12 xyz^. 7. x^ — y^ and (x — yf. 

4. 6 mV and 18 mV. S. a^-f and (x + yy. 
6. 12m^ny and 16mVf. 9. Wxfi!^ and 20ix^fz^. 

6. 14 ?mV and 21 ?mV. 10. 25 (xr-yf and 30 (a^-f). 
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11. SOa^f and 40a^2/. 13. x^-\-Sx and ar^~9. 

12. a:3 + 2^anda^ + 2ay + 3/2^ 14. afi -^ f 3Jid x^^ -{- y^"^. 

Find the H. C. D. by factoring of : 

15. a^ — x^6 and a^ — 3a; — 10. 

16. ar^ + 10 a; + 2i and x^~2x-15. 

17. ar* — 81 and oc^ -\- 4: x ~ 4:5, 

18. a^^i^ and ^ — y^, 

19. x^ — ^fy (x^yy, and x^y — xy^, 

20. (a + 6)2 - c2 and a^ - (6 + c)2. 

21. a--(6-c)2 and ^^-(a-c)^ 

22. m^-\-n^, m^^rr, and (m + n)^. 

23. a^ + f, i»^° + 2/^ a^ + 2a;22^2_^y*. 

24. m^ — 16, m^ + Sm — 36, and m^ — 2m~8. 

25. 62_c2, 62^46c + 3c2, and 62__45c-5c2. 

26. aj2 + a?- 12, a,-2-a;-20, and »2_^8a; + 16. 

27. mn + mc, n^ + 2 nc + c^, and n^ + c^. 

28. a^H-1, ar^ — a; + l, and 2a;^ — 2ar^ + 2a;. 

29. 2m-{-6y, 2(m^ + 6my-{-9y^f and 4 am + 12 ay. 

30. m^ + m — 20, m^ — m — 12, and m^ — 2 m — 8. 

LOWEST COMMON MULTIPLE 

47. A Multiple of a quantity is a quantity that will ex- 
actly contain it. 

Thus, 3 a^b is a multiple of ab, 

48. A Common Multiple of two or more quantities is a 
quantity that is a multiple of each of them. 

Thus, 3 a^b is a common multiple of 3 a and 3 6. 
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49. The Lowest Common Multiple (L. C. M.) of two or 
more quantities is a quantity of lowest degree that is a 
multiple of each of them. 

Thus, 6 ab is the L. C. M. of 3 a and 2 b. 

Principle. The lowest common multiple of two or more 
quantities must contain all the factors of each quantity y and no 
others, 

50. To find the lowest common multiple of quantities that 
can be readily factored. 

1. Find the L. C. M. of 6 a^b(^ and 9 aVc. 

PROCESS 

6 a^b(? = 2x3x aax by.cc 
9 ab^c =3x3x axbb x c 



L.C.M.=:9a62cx2xaxc = 18a262c2, Ans. 

The L. C. M. must contain 9 aWc (Art. 49, Def .) and all 
the factors of Qa^bc^ not found in 9a6^c (Art. 49, Prin.), 
which are 2, a, and c. Hence the L. C. M. = 9 a6^c x2xa 
Xc = 18a262c2. 

2. Find the L. C. M. of a* - 6* and a« + b\ 

PROCESS 

a* - 6* = (a* + 6^(a + b)(a - b) 

gg 4- 66 = (gg + b^ja* - a^V + 6^) 

L. C. M. = (g« + b^{a + 6) (a - 6) = g« - a^l? + a^b^ - b\ Ans, 

Therefore, to find the lowest common multiple of two or 
more quantities, we have the following 

Rule. Resolve the quantities into their prime factors. 
Multiply the quantity of highest degree by all the factors of 
the other quantities not found in the highest quantity. 



64 COMPOSITION AND FACTORING 

EXAMPLES 

Find the L. C. M. by inspection of : 

3. 4a^2/> 12a;y^, and 24^ a^yz. 

4. 15a6V, SO a^b(^, and eOa^^c. 
6. a^-\-y% aj* — y*, and a^ — j^, 

6. a^ — if, a;* + ?/*, x^^y^, and afi — j^. 

7. ic® — ^, a^ + y^, and af^ — 7/^, 

8. aj^ — 1, a^ + 1, and a^ — 1. 

9. 3aj + l, 2(3aj-l), and 4(9a^-l). 

10. aj2 — 1, a^ + 1, and a:^ — 1. 

Find the L. C. M. by factoring of : 

11. f — 5x-{-6 and f — 6y + S. 

12. a^-9, a^ + x-12, and a^ + 2a;-15. 

13. a^ + 3/2, afi-^-f, a^-f, and aP-y^, 

14. a^4-6aj-40 and a^-lOaj + 24. 

15. (a + 6)2-c2, (a + c)2-62^ and d^-ip + cf. 

16. a^ + ad + ft^ a^-aft + ft^^ and a«-6«. 

17. (aJ + 2//, (^ — yy, and aj^ — y^. 

18. a^ + y^ a^ + /, aj«-/, and x^-y^. 

19. 2~2aj + 2a^, 3 + 3aj + 3a;2, and 1 + a^. 

20. a^ + 2a:^ + /, a^ — 2ay + 2/^, and a^ — 2»V + y*- 

21. 7i2 + 3?i-40, 71^-64, and n^ - 13 71 + 40. 

22. a2~19a + 88, a2~3a~88, and a^^U. 

23. m2+7m + 12, m2 + 6m4-8, and m2 + 5m + 6. 

24. a:^ — 1, a^^ + a^^ + aj + l, and a^ — aj^ + aj — 1. 

25. aj* + 2a^ + y^, a^ — 2a^ + 2/^, and x^ — y^ 

26. a^ — 4, a^-Sa + e, and a2 + 3a — 10. 

27. (m + w)* — a^, (m + n — a), and (m + n + a)*. 



IV. FRACTIONS 

51. An Algebraic Fraction is an indicated expression of 
division. 

Thus, r is a fraction and is read a divided by 6, and not 

a over b, 

52. The dividend, a, is the Numerator, the divisor, 6, is 
the Denominator; and the numerator and denominator are 
the Terms of the fraction. 

53. An Integral Quantity is one that can be expressed 
without the fractional form ; as m + n. 

A Mixed Quantity is the sum or difference of an integer 

and a fraction ; as a + -, or a 

' c c 

54. Principle I. Multiplying the numerator or dividing 
the denominator multiplies the value of tJie fraction. 

Principle II. Dividing the numerator or multiplying the 
denominator divides the value of the fraction. 

Principle III. Multiplying or dividing both numerator 
and denominator by the same quantity does not change the value 
of the fraction, 

REDUCTION OF FRACTIONS 

55. Case I. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms when the numerator and 
denominator have no common factor. 
hull's el. op alg. — 5 66 
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Since dividing both numerator and denominator by the 
same quantity does not change the value of the fraction 
(Art. 54, Prin. Ill), we have the following 

Rule. Resolve both terms of the fraction into their prime 
factors, and cancel all factors that are common to both terms. 

Keduce the following fractions to their lowest terms : 

EXAMPLES 



Reduce to lowest terras : 



3. 



4. 



24 m*7i 



4^7 



2^8 



36 m^n 

36 a%V 

72 aW 



^ 121 m^w W 

O. • 2* 

154 mhi^w 



6. 



7. 



8. 



33a:^y^g^ 
44 a? V^'* 

60 m^ji^p* 
75 m^n^p^ 

60 a*b^c 
72 a'b'c 



9. ^-^' . 
2 Qcy^ — 3 or^^ 



10. 



11. 



4a' + 8a 
4a*-8a 

3a^-h6a; ; 
60^-90? ' 



12. 



13. 



14. 



15. 



a^-1 

ir» + l' 

a^ — y* 
(« - 2/)' 

a2 4-17a-|-66 
a^ + 18a-h72' 

m^-17m + 72 
m^-lSm + SO' 



16. 



17. 



(a + &) 



3 



18. (»t + w)' - g* . 

m' — (w + a)* 

19. a^- (y-^)' . 
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56. Case II. To reduce a fraction to an integral or a mixed 
quantity. 

Since a fraction is an indicated expression of division 
(Art. 51), we have the following 

Rule. Divide the numerator by the denominator, 

1. Reduce — — — to an integral quantity. 

By division ^^t^ = a'-ab-\-b\ 

a+b 

2. Reduce — — — — to a mixed number. 

2 

a? + 4)ic2 + 7a: + 14(aj + 3 + —- =^, Ans. 

a^ + lx ^ + ^ 

3aj+14 
Sx-^12 



EXAMPLES 

Reduce to integral or mixed quantities : 

3. ^±2^. 6. ^^- 9. ^^*. 

x — y ^-\-y x— a 

ar^ + y^ „ a^ ^ x^-\-f 

x + y a — b ^-\-y 

_ m^ + n^ o ^ + 2^ 11 a^ + ft' 

5. — -' 8. ^^' 11« 



m^-\-n^ x-{-y (a + 6)'^ 

,„ a^-|-4a; + 6 -_ 5aj2-f.6x4-7 

l». • 10. 

x-{-2 

12a?^ + 8a^4-9 
'^- 4a^ + l '^• 

a*4-a-|-l or — x — 1 





a? 4-4 


m^ 


~w2_3 




m-\-n 


^ 


-a^ + 2 
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57. Case III. To reduce a mixed quantity to a fraction. 

The process is precisely the same as in arithmetic ; hence 
"We have the following 

Rule. Multiply the integral part by the denominator of the 
fraction; to this product add the numerator when the sign 
before the fraction is -|-, and subtra/ct it when the sign is — , 
and write the result over the denominator, 

1. Reduce x-{-y ^ to a fraction. 

x-y 

^ , ,, q' - y' (x4-y)(a?-y)-(«'-y^ 

Ju ^ U — — « 

x—y x—y 

^a:^—y^^a^-{-y* 
■" x — y 

_^x^ — a^ 

"" ^ — y' 

EXAMPLES 
Reduce the following to fractional forms : 

2. 1 + ^+1. 6. « + 6-^. 

x—y a+6 

i x — 1 ^ , , a^ — y^ 

3. aj — 1 -' 6. x-\-y-\ ^« 

x-\-l x-hy 

2mn 



4. a-\-b — ^ -^» 7. w + w — 



a-\-b m-\-n 

3a^ 



8. 4a; + l — 



2a;-l 



af — a^ + y2 

10. g^ 4-206 + 6^-^'''^^'^ + ^^^' + ^'. 

a + 6 

11. ^-a? + l-^^. 

' x + 1 
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58. Case IV. To reduce fractions to their lowest common 
denominator. 

1. Reduce — — - and ^ to their lowest commoD de- 
nominator. "*" "~ 

It is evident that the lowest common denominator is the 
lowest common multiple of the denominators a^-j-l and 
a?^ — 1, which is a^— 1 (Art. 50). 

Since both terms of a fraction may be multiplied by the 
same quantity without changing its value (Art. 54, Prin. Ill), 
we multiply both terms of the first fraction hj a^ — 1 divided 
by a?* -h 1, which is a?^ — 1. 

And ^-l^ (a^-l)(^-l) _ (a^-iy 

a^ + 1 (aj2 + i)(aj2_i) a^^i 

We multiply both terms of the second fraction by a?* — 1 
divided by a^ — 1, which is a;^ + l. 

And a^ + l ^ (^ + l)(a^ + l) ^ (a^ + l)^ 

a?^l (a^-l)(a^ + l) aj*-l 

Therefore, the required fractions are 

{^^11^ and (^±1)!, ^n.. 

Hence, to reduce fractions to their lowest common denomi- 
nator, we have the following 

Rule. Fi7id the lowest common multiple of the denomi- 
nators, divide this denominator by the denominator of each 
fraction, and multiply the num£rator by the quotient 

Note. Reduce each fraction to its lowest terms before beginning 
the process. 
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EXAMPLES 

Reduce to equivalent fractions having the lowest common 
denominator : 

2. - and -• 5. -^ and ^. 
b a ary x^ 

3. — and -• 6. - — and 



n y Sab 12ab 

4. « and ?. 7. -^^ and -^ 

4 c 16m« 20n< 

8. -*L, & , and 



mn m^ mn^ 



4 a 24 c 6 cfc 

XO. -i^, 1^, and i^. 

--a b J c 

11. , , and 



a 4-6* a — 6' a^ — b^ 

12. -, , and — ^ 

a8 - 68' a - 6' a^ -|- a6 + &^ 

iQ 2 3 .4 

^^- 2^T2' 37^3' ^""^ 4^^31- 

14. --^^— , -^,and>^ • 



IK 1 2 ,3 

15. — -, — — -, ana 



a^ + x-6' a^ + 5x + 6' o^ _ 4 



16. — -, — -, and 



^ + ^ + y^'^ — ix^ + y^' a^ + ^y^ + y* 
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CLEARING EQUATIONS OF FRACTIONS 
59. To clear an equation of fractions. 

1. Solve the equation -=^ — 77: = :^ + :rz • 

^ 5 10 15 30 

Solution 

Since both membei*s of an equation may be multiplied by the same 
number without changing the equality (Art. 8, Axiom 3), we multiply 
both numbers of 2 a; ^ a 11 

"6 ""io'^i6'*'30 

by the L. C. M. of the denominators, 5, 10, 15, and 30, which is 30, 
and we have 

12 a; - 9 = 2 ac + 11. 

Whence, 10jk = 20, 

X = 2, Ans. 

Therefore, to clear an equation of fractions we have the 
following 

KuLE. Multiply each term of the eqtuition by the lowest 
common multiple of the denominators, 

EXAMPLES 

Solve the following equations : 

2. . + 1 = 12. 6. |-| = 1. 

3. 2a; + f = 14. 7. ?;^ + | = 13. 

.. 1+5=10. .. .+£+1=11. 
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10. 1 + ^^ = 47. 



14. - + - = - . 

X X 5 X 



2x 3x 4:X_^o^ 
11. _-_4---131. 



15 ^ ^4- ^ ^ ^ 



12 0? 3a? 4 4a; 



12. 2a; = |4-|4-71. 



,. a;+3 , a;— 3 4a;+15 



12 1 

13. - + - = o' 
a; a; 2 



17. 3^-i^_?=4. 
2 5 6 



18. £zi^ + ^:z3=.^i^ + ^ + 23. 



19. 



a? — 2 a?--3 _ a; — 4 x^5 
3 4 " 5 6 



20. 2a? + |-^ = || + 59. 

„, a? + 2 a?4-3 aj + 1 a; + 4 
^'- -4 5- = ^^ 3"' 



23. 



24. 



22. 



a?~l , « — 3 a? — 4 , a;-|-2 
— :; 1 — Tz — = — = 1 7: — 



11 



x-\-y = 5y 
3 2 

^ I y K 

3+4=^' 

. a? — y = 1. 



26. i 



(X 

2 



y 
3 



^-S = i4, 



13 



4 



?-^ = 8. 



26. 



27. 



fa: + |2^ = 10, 

2^ 2 ' 



x-\-y x — y ^2 

2 2 



28. 



[^4.^=:10, 

14 3 



J 
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PROBLEMS 
60. 1. What number increased by its ^ gives a sum of 60 ? 

2. What number diminished by its ^ gives a difference 
of 40? 

3. The sum of two numbers is 60, and ^ of the greater 
minus \ of the less equals 6. What are the numbers ? 

4. A and B together have $10,000, and ^ of A's money 
plus ^ B's equals $4000. How much has each ? 

5. M and N had the same sum of money. M lost $500 
and N gained $1000, whereupon it was found that ^ of 
M's money equaled ^ of Ws, How much had each at 
first? 

6. Find two consecutive numbers, x and aj + l, such 
that ^ of the smaller exceeds ^ of the larger by 2. 

7. The sum of two numbers is 84, and if the greater 
is divided by the smaller, the quotient is 3. Find the 
numbers. 

Note. Let x = the smaller number, and 84 — a; the larger. 

8. The sum of two numbers is 120, and if the larger 
is divided by the smaller, the quotient is 5. Find the 
numbers. 

9. The difference of two numbers is 120, and if the 
larger is divided by the smaller, the quotient is 5. Find 
the numbers. 

10. The difference of two numbers is 240, and if the 
larger is divided by the smaller, the quotient is 3. Find 
the numbers. 
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11. The sum of two numbers is 80, and if the larger is 
divided by the smaller, the quotient is 3 and the remainder 
is 4. Find the numbers. 

Note. Let x = the larger number, and 80 — x = the smaller. And 
since the 

Dividend - Remainder ^ Q^ot^^t t^en -^^ll = 3. 
Divisor 80 — x 

12. The sum of two numbers is 150, and if the larger is 
divided by the smaller, the quotient is 4 and the remainder 
is 5. Find the numbers. 

13. A teacher spent ^ of his salary for board and clothes, 
and \ of the remainder for other expenses. What was his 
salary if he saved $ 300 a year ? 

14. How far can a person ride in a coach going at the 
rate of 10 miles an hour, provided he walks back at the rate 
of 4 miles an hour, and is gone 14 hours ? 

Suggestion. If x = the distance he goes, how long will it take him 
to ride? To walk? 

16. How far may a person ride on his bicycle, going at 
the rate of 15 miles an hour, provided he rides back in a car 
at the rate of 45 miles an hour, and is gone but 8 hours ? 

16. A boat whose rate of sailing in still water is 12 miles 
an hour descends a river whose current is 4 miles an hour. 
How far can it go and return, provided it is gone but 12 
hours ? 

17. Arthur can mow a field in 10 days, Horace in 12 days, 
and Ross in 16 days. In what time can they together mow 
it? 

18. Two pipes till a cistern in 20 and 30 hours respec- 
tively. How long will it take to fill the cistern if both pipes 
are open at the same time ? 



ADDITION AND SUBTRACTION OF FRACTIONS 75 



ADDITION AND SUBTRACTION OF FRACTIONS 

61. Principle. To add or subtract fractions, they must 
have a common denominator. 

It is evident a__^h_^a^-b 



And 



mm m 
a b a — 



mm m 



1. Add and 

an am 

We must reduce tlie fractions to their lowest common 
denominator (Prin.). The L. C. D. is amn (Art. 59). Hence, 

4 m 4 n _ 4 m- 4 n* 
an am ~~ amn amn 

amn 

2. From i^ take ^^. 

a; — 1 a? -h 1 

The L. C. D. is ar^ - 1. Hence, 

4a; + 7 ^ (4a; + 7)(a;+ l) ^ 4a^ + lla? + 7 
x-1 (a; - l)(a; -h 1) :x^-l ' 

, 3a;-2 ^ (3a;-2)(a;-l) ^ 3ar'-5a; + 2 , 

^ a;-fl (a;+l)(a;-l) a?-l ' 

., 4ar^ + lla;-f7 3a;^-5a; + 2 ^ a:^ + 16a; + 5 . 

^^ ar^-1 x^-l a^-l ' '^^' 

The preceding work may be arranged as follows : 
The L. C. D. is a;2 _ ^ 

1st numerator is (4 a; -h 7) (a; -f 1) = 4 a;* -|- 11 a; + 7 
2d numerator is (3 a; — 2) (a; — 1) = 3ar'— 5a;-f2 
The difference of the numerators = oc^ -{- 16 x -\- 5 

a^ 4-16 X 4- 5 
.-. the result is — -^-- — --^— • 

ar — 1 
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Therefore, to add or subtract fractions we have the fol- 
lowing 

Rule. Reduce (he fractions to their lowest common denomi- 
nator, add or subtract their nuw£rators, and write the resvU 
over the comynon denominator. 

Note. Always reduce the fractions to their lowest terms before 
reducing them to a common denominator. 



EXAMPLES 

Add the following : 

3. — , — , — • 7. and 



he ac* ab m-\-n 



m — n 



4. — , ^i— , . 8. and -• 

np nm pm a-\-o a — h 

6. ££, ^, ^. 9. '^±1 and ^ZJ^. 

dc db (T x — y x-\-y 

6. h I I. 10. -.^^. and « 



X y z mr — w' m-\-n 

11. -. rA rr and 



(« + l)(aj-f2) (a: + 2)(a;-f3) 

12. , J?^ ^ and ^ 



(m -h 2)(m -h 3) (m^- 2)(m -f 1) 



13. -^^., -^— and 



x — Q^^ y-\-xy 2 — 2x* 

Subtract the following: 

14. A from « . 17. ^^^1^ from (^±^. 
ac he cd cd 

,^1^1 -o a — h r aA-h 

15. — from — • 18. from — !— • 

xy yz a-\-b a — b 

16. ^ from ^ . 19. -J— from -^: — 
m — n m-\-n x-\'y x — y 
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20. -— — from 



(a;-fl)(x + 2) (a; + l)(«-f3) 

21. T — from 



(x-l)(x-2) (x-l)(x-3) 

22. - — -^ — from ^ 



ar' + OiB-flS x'-{-Sx-\-12 



Find the value of the following : 

23. —1— + ^--. 26. -^-f ^ 



x-\-S x — 2 x-\-y x — y 

24. -1—1^. 26. 1 1 






28. 



»2 + a;-hl ar^ — x + l 
2 2 






a8_68 a2_|_a6 + 62 ^__2> 



30. 4ll^+ « 



aj2-4 a;H-2 a?-2 
31. ^-^ + ^-^ ^-^ 



iB2-5a;-f 6 a^-4aj + 3 iB2-3a; + 2 

ar^-g + l ar^ + ar' + a^ + l 2(a?* + a^ + l) 
• a^^l ^ aj*-l iB«-l 

Suggestion. Reduce to lowest terms. 
33. fl;-2 ^ fl;«^2a; + 3 1 



»* — aj + 1 a^-fl « + l 
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MULTIPLICATION OF FRACTIONS 
62. Case I. To multiply a fraction by an integer. 

1. Multiply - by c and - by c. 

b be 

Since multiplying the numerator of a fraction by any 
quantity multiplies the value of the fraction by that quan- 
tity (Art. 54, Prin. I), then 

a ac 

Since dividing the denominator of a fraction by any quan- 
tity multiplies the value of the fraction by that quantity 
(Art. 54, Prin. 1), then 

— X C = -' 

be b 

Therefore, to multiply a fraction by an integer, we have 
the following 

Rule. Multiply the numerator or divide the denominqior 
of the fraction by the multiplier. 

It is frequently convenient to indicate the multiplication 
and cancel common factors from both terms. 

2. Multiply , ^"'"^ ■ by m^ - n*. 

^^ m^-2mn'j-n' ^ 

m -\-n ^ / 2 2\ m-\-n 



o ^ oX(m2-n«) = - T ^ X(m^^(m-fn) 

^ (m -h n)(m -\- n) ^ (m -f n)' j^ 

m — n m — n ^ 

Multiply the following : 

3. - by «. 6. #^ by 9mn. 

n ' 3 vrm 

4. ^ by ac. 6. «* by 6. 
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8. 1^ by 12a6». 12. ^5j ^y a'+2aa! + a!'. 

63. Case II. To multiply a fraction by a fraction. 

1. Multiply - by -• 

b d 

2 X c = ^ (Case I) ; but we wish to multiply by -. Since 
d 

fit* 
the multiplier is divided by d, the product, — , must be 

divided by d, which, by Art. 54, Prin. II, is — • 

hd 

Hence, ^x4=7^> -4w«- 

h d hd 

Therefore, to multiply a fraction by a fraction, we have 
the following 

Rule. Multiply the numerators together for the numerator, 
and the denominators for the denominator. 

« nr ij.- 1 m* — 4 m^-\-m -, m^ — Sm 

2. Multiply — 5 , —z — — — -, and — r -• 

m' — mn m* — m — 6 ' m^ — m — 2 

PROCESS 

jd(m—n) (2^J^-^)(wM^ (^H^OO^^^ m—n 
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EXAMPLES 



Multiply the following : 

3flW , 12mn^ a~\-b , a-b 



^m^n '^ 9ab^ (a-^)^ (« + &) 



a 


+ & 


(a 


-6)» 


m"* 


— m 


« 


na? 


a» 


-b" 



4. ^^y by ^^. 7. ^'""^ by ^ 

5 ab^c ISocy nx rn? — 1 

a±b V ac±cx^ a'-V^ ^ a' ^ ab^ 

c "^ a'-b' (a-by ^ a-j-b 

9. 9^^ by ^^. 

ix^-5x-\-6 , a:^ + 2a;-24 
12. — -, - — - — -, and 



a^_l_52' (a -6/ (a -{-by 

^^ a2^2ab-\-b'-c' , a--b-\-c 

14. ^'-y^ by ^±^^ 

,^ aj2 + 7a; + 10 aj2-9x4-14 ,a^-13a; + 40. 

15. « • and ■ • 

ic2_7aj + 10 ar^-3a;-40' a^-Sa-U 

16* 4 ^ 5 —^ Tj 3JlCl -T -• 

a58_i ' a^^.a.4_i' ar'-aj-i-l 

17 «'-^' a-& ^ g^ + y 
a« 4- &''• a* - 6*' a^-ft^* 

18. ^'-^' , ^' + ^^' , and ^ + ^ 



g'-4 ar^-16 a.'«4-2a;-15 , g2^2a;--15 
' a:*-9' aj2-25' ic« + 2a?^8' aj2_2a-8' 
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DIVISION OF FRACTIONS 
64. Case I. To divide a fraction by an integ^er. 

1. Divide ^' by c, and - by c. 

b 

Since dividing the numerator of a fraction by any quantity 
divides the value of the fraction by that quantity (Art. 54, 
Prin. II), then ^^ ^ 

Since multiplying the denominator of a fraction by any 
quantity divides the value of the fraction by that quantity 
(Art. 54, Prin. II), then ^ ^ 

be 

Therefore, to divide a fraction by an integer we have the 
following 

Rule. Divide the numerator or multiply the denominator 
of the fraction by the divisor. 

It is frequently convenient to indicate the division, and 
cancel common factors from both terms. 

2. Divide ^ " ^^ by a^ -h a; ~ 20. 

a;4_4 '^^'^ "^ (a.4.4)(x-4)(0>KS) ar^-16 

EXAMPLES 
Divide the following : 

3. ^hjx. 6. ^hjabc. 

b mn 

4. ra^hymn. 6. ^^ hy exy. 

ax oab 

hull's el. of alo.— 6 
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7. I«« by4mn. 8. ^^^hjmxyz. 

4 mn 5 amn 

Otr — }fi 

9. ^ by aj — y. 

10. ^+J^ hjx'-xy + f. 

x — y 

11. ?f!^bya2-fa + l. 

12. "^^Tf^ bya^^-fa^y + o^ + y^. 

13. ^!±?^ by (a + 1)^. 

14. ?!±^±i by aj2 __ a; ^. 1. 

16. .v' + 7.v-30 by j^2^15y + g0. 

65. Case II. To divide a fraction by a fraction. 
1. Divide - by -• 

?f-j-c=:^ (Case I); but we wish to divide by -• Since 
h he ' n ^ 

the divisor is divided by d, the quotient, — , must be miUti- 

be ^ 

plied by d, which, by Art. 54, Prin. I, gives— • 

TT a e a ^d ad a 

Hence, --j-- = --x- = — , Ans. 

b d b e be 

Therefore, to divide a fraction by a fraction, we have the 
following 

Rule. Invert the divisor^ and proceed as in midtipliccUion. 
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2. Divide ^:^ by t+A^SzlO, 
or — xy ocy — y* 



PROCESS 



a^ — xy xy-^y^ «(?>^) (5.;^-^(a? — 2) 

a<a; - 2)' 



EXAMPLES 
Divide the following : 

3. 6^ by 5^. 8. ^^ by *+!. 

4. l|^by|i^. 9. 1-ibyl + l. 

9ary 3 ay or x 

^ Bam ^Scd in «^ 1 k^- ^ ^ 

5. - — by 10. or i by a 

7xy 4:ZX or x 

m-\-n m* — n' m^ m 

7. — -by ^ ■ 12. m'H — i by m H 

a^-^-b^ a — b rrr m 

a;^4-lQfl? + 21 , a^-2a;-63 

• ic2 4-7a;-18 ^ ar' 4- 12a? + 27* 

m«-10m + 21 ^m2-9m-|-14 

(a? + 2)»-16 , (x + l)'~25 , 

• (a:-^.3/-25 ^ (x-h2)*-36 
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(a + 6)*-C , {a-by-c\ 
a«_(6 + c)« ' a'-ib-cf 



17. (^ ^)byf-^,+ -J^Y 

18. fa:+-.^Ya.---^>yf^±i^ + ^\ 

\ ^ — yj\ ^ + yj \^-y ^ + yj 



COMPLEX FRACTIONS 

66. A Complex Fraction is one whose numerator or denomi- 
nator, or both, are fractional. 

a 

1. Reduce - to a simple fraction, 
c ^ 

d 

' PROCESS 

Multiply both numerator and denominator of the fraction 

by bd, the L. C. M. of the denominators (Art. 54, Prin. Ill), 

we have ^ 

^xbd 

Ubd ^' 
d 

m , n 



2. Reduce to a simple fraction. 

m— n m -\- n 

The L. C. M. of m + w and m — n is m^ — n^. Multiply- 
ing both terms of the fraction by m^ — n*, we have 

m (m — n) + 71 (m H- n) __ m^ + 71* ^ ^ . 

7^1 (7W -h 7l) — 71 (tW — 7l) ~ 7W* -f n^ "* ' 
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EXAMPLES* 

Eeduce the following to simple fractions : 

Q m . ^ b a 

m ab 

4. -. 6. -. 

b a-{-b 

c ab 

1 



7. 


n 

a 


8. 


+ 2 + - 
m 




a 2 ^ 
m 



+ 1 13. 



9. ±tJ_. 



1 1 1 

— 1 m — 



a — 1 m — 1 





i+i 


10. 


1 1" 




X y 


11. 


1 + ' 

x+y x—y 




1 1 • 



2/ ^ aj 



14. 



a; — y x-\-y 
y a? 



a; + y a;— y 

a-\-x a^x 

a — x a-{-x 
15. . 

a-\-x a — x 
x-^-y x^y a — x a-\-x 

12. 1- — ^_-|_6-a? 

^+1 16. 3-^ 



1 24 ^ 

« + - ^ 7-a? 

a? 3 — a; 



V. SIMULTANEOUS EQUATIONS 

See Arts. 24, 25, 26, and 27. 
ELIMINATION BY COMPARISON 

67. Elimination by Comparison is the process of eliminat- 
ing by finding an expression for the same unknown quantity 
from each equation and placing them equal to each other. 



1. Solve the equations 



3a? + 7y = 134, (1) 

[4:x^2y = 20. (2) 

rrom(l), ^^ 134--7y ^ ^3^ 

From (2), ^^ 20 + 2y ^ ^^^ 

From (3) and (4), 

134-7y^20 + 2y. ^^^^ ^^ 

Clearing of fractions, 

536-282/==60 + 6y, (6) 

or -34y = -476, (7) 

Substituting the value of y in (3), 

^ 134-98_.„ 
x=^^— = 12. 

a? = 12, y = 14, Ans, 

86 
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Therefore, to eliminate by comparison, we have the 
following 

Rule. Find an eospression for the same unknown quantity 
from each equation, place these values equal to each other, and 
solve tJie resulting equation. 



EXAMPLES 



3. 



4. 



5. 



7. 



8. 



9. 



10. 



Solve the following equations 

I a; -f y = 5. 

2aj + 3y = 23, 
3aj-h2y = 22. 

3aj- y = 14, 
8aj + 3.y = 60. 

x-y=z2y 
3a;-l-7y = 46. 

^ r2aj + 3y = 14, 
' l4a;— y = 14. 

2 a; — 4 y = 6, 
6a;-f 3y = 48. 



'.2a?-h.3y = 8, 



by comparison : 

fa: + y = 20, 
4a; — 5y = 8. 



11. 



12. 



13. 



14. 



15. 



16. 



17. 



18. 



19. 



'7a:-f 3y = 58, 
.3aj-5y = 6. 

a; -h 2/ = 17, 
a? - 2/ = 7. 

3a;-2y = ll, 
^5a;-f 2y = 29. 

6a?-7y = -9, 
^8a;-f 3y = 25. 

5a; -h 3y = 55, 
.lla; + 10y = 155. 

re - y = 1, 
. 7 a; -f 7 y = 35. 

.^a;-f|y = 7. 
'|a;-f2/ = 6, 
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ELIMINATION BY SUBSTITUTION 

68. Elimination by Substitution is the process of eliminat- 
ing by finding an expression for the value of an unknown 
quantity from one equation, and substituting it in the other. 

2x-\-Sy = S2, (1) 

\Sx + 2y=:2S. (2) 



1. Solve the equations 



From (1), X = ^^^^P . (3) 

Substituting this value in (2), 

3/32-3y\_^2y = 28. (4) 

Clearing of fractions, 96 — 9 y -f 4 y = 56. 

Or, -5y=-40, 

y = 8. 
Substituting this value of y in (3), 

a; = — '^ — = 4- a? = 4, y = 8, -dws. 

Li 

Therefore, to eliminate by substitution, we have the 
following 

Rule. Find the value of one of the unknown qtmntities 
from either equation, substitute this value for the same unknown 
quantity in the other eqtcation, and solve the resulting equation. 

EXAMPLES 

Solve the following equations by substitution : 

X- y = l. 



x -f 2 1/ = 5, 
2aj-f 2/ = 4. 



3. 



5a;H-7y = 29. 
(6x-Sy = 2, 



7x- 5y = 9, 
.3a; + 10y = 16. * l2a?-3y = 0. 
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6. 



7. 



8. 



9. 



10. 



11. 



2x-\-Sy = lS. 
'3a;-hy = 25, 
x-\-3y = 35. 
'x-\-4ty = 25y 
.y + 4aj = 10. 
6aj-y = 22, 
x-{-lly = 26. 
8aj-7y = 0, 
4aj-f 3y = 52. 
'2aj-f y = 24, 
.6a; + 7y = 120. 



12. 



13. 



( 



14. 



15. 



16. 



17. 



ix-\-iy^7. 

a;-hy = 30. 
[2a?-y = 30. 

' 4x — 5y = 0y 
7x-{-2y = 43. 

'10x — y = 9, 
10t/-» = 108. 

'5a:=lly-117, 
7a? = 93-6y. 

.1 a; -f .01^ = 2, 
..3a?-.0l2/ = 2. 



LITERAL SIMULTANEOUS EQUATIONS 

69. It will generally be found most convenient in solving 

literal simultaneous equations to eliminate by addition and 

subtraction (Art. 27). 

ax'\-by = c. 



1. Solve the equations , 

[ mx -\-ny = a. 

Multiplying (1) by m, amx -j- bmy = cm. 

Multiplying (2) by a, 

Subtracting (3) from (4), 



amx -f cLny = ad, 
any — bmy =:ad — cm, 

ad— cm 



(1) 

(2) 
(3) 
(4) 
(5) 



Multiplying (1) by n, 
Multiplying (2) by b, 
Subtracting (7) from (6), 



y = — — 7-^f Ans, 
an — bm 

anx + bny = en, 

bmx + bny = bd, 

anx — bmx ^cn — bd, 

cn — bd 



(6) 
(7) 



.*. « = 



an — bm 



> An8, 
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SIMULTANEOUS EQUATIONS 



EXAMPLES 



Solve the following : 

' x-\-y=:m-\-ny 
x — y = m — n, 

' ax-\-by = m, 
bx-\-ay = n. 

mx -\-ny = a, 
x — y = h. 



3. 



4. 



6. 



6. 



m 



y 

n 



-2 = 1, 



in n 



= 1. 



7. 



ax —by 

— ^ = 71. 



MISCELLANEOUS EXAMPLES 



70. Reduce the following equations to their simplest 
form, and apply the method best adapted to each example. 

Solve the following : 



1. 



2 3 

bx 7 a; — 4 y _ ,y 
6 3^"^- 



2. 



a; + 4 



-h42/ = 16, 



3. 



4. 



^i^ 4-30^ = 31. 

2 

aj + 2 v + 3_7 
3 "^"2^"^' 

^4-y I A 

D 

X , y 
a b 

- -j- ^ = 71. 

I & a 



5. 



6. 



[ x-\-2 ^ x — 2 
2^4-3 2^-3' 
3a;-5 ^ 6a;-14 

[2y-2 4:y^2' 

f?±y_7 

X — y 
2x-6 
[3x-5 



f 



7. 



8. 



f X-\-y x-y _^, 
4 "^~3~~^' 
2x-\-Sy = 4:S. 

(x±y_^ 

x-y"^' 
x±y±2^^ 
{x-y^2 ^' 



THREE UNKNOWN qUANTITIES 
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9. 



Jx+2^y+3^x+y 



{ 



10. 



3x-\-4:y-2 Sy-\-4:X-5' 
[6x-\-7y-\-2 13x-4:y-{-7' 



11. 



fl , 1 

- + - = «, 
X y 

^-1 = 6. 



= 14, 



12. 



a? y 
aj y 



Suggestion. When the unknown quantities occur in the denomi- 
nators^ it is better, generally, not to clear of fractions. 



13. 



14. 



f5 6 
X y 

La; y 

(T__S 
X y 

X y 



33, 
9. 

19, 
24. 



15. 



m .n 
X y 
m 

y 



= a. 



U III » 



n 

\. X 



16. ^ 



a ,6 
X y 
6 , a 

10? y 



2, 
3. 



SIMPLE EQUATIONS CONTAINING THREE OR MORE 

UNKNOWN QUANTITIES 

71. Where there are three or more unknown quantities 

and a like number of equations, the solution may be effected 

as follows : 

x-^2y + 3z = U, (1) 

' 2aj4-32/ + 42f = 20, ' (2) 

3aj-h42/-h62 = 29. (3) 



1. Solve the equations 
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BIMULTANEOUa EQUATIONS 



Mult. (1) by 2, 


2a 


:-\-4:y-\-6z = 2S 


w 


Subt. (2) from (4), 


2a 


'-\-3y-\-4:Z = 20 


(^ 






y-\-2z= 8 


(6) 


Mult. (1) by 3, 


3a 


;4-6y + 92; = 42 


(7) 


Subt. (3) from (7), 


3a 


; -1-43^ 4-62 = 29 


(8) 






2y-\-Sz = 13 


(9) 


Mult. (6) by 2, 




2y-\-4:Z = ie 


(10) 


Subt. (9) from (10), 




z= 3 




Substitute in (6), 




y + 6= 8. 




Whence, 




y= 2. 




Substitute in (1), 




aj + 4-|-9 = 14. 




Whence, 




x= 1. 








x = l, y=2, 


2=3, -/ln«. 



2. 



3. 



Solve the following equations : 

' x-\-y — z — 2y 
a: — 2/ + « = 6, 6. 

. y — a: 4- 2 = 10. 

3x4-22/ 4-2 = 13, 

2a? 4-y — 22 = 5, 
1x4-22/4-52 = 13. 

2a;-3y-h42 = 26, 

- 2a;4-32/-42 = 22, 
2x4-32/4-42 = 86. 

2x4-22/-2 = 9, 
32/4-32-x = 33, 8. 

4x4-42 — 2/ = 35. 



3x4-42/-2 = 20, 
32/4-42-x = 32, 
l324-4x-2^ = 38. 



7. 



4. 



2^3 4 

3 4 6 

4 3 2 



= 23, 



= 4, 



= 13. 



5. 



2x4-32 = 21, 
42/-2 = 3, 
3x4-22 = 19. 



THREE UNKNOWN QUANTITIES 
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9. 



10, 



11, 



12. 



X y 

y 2 

-4-- = 4. 

X z 

92^4-2 = 61, 
.72-2a: = 39. 

x-y==ly 

y-\-z = l, 

[X — Z = l. 

' x-{-y-\-z = a, 
x — y — z = h, 
I a? 4- 2/ — z = c. 



13. 



14. 



15. 



See Art. 70, suggestion to Problem 11. 



1 



' aj + y — 2 = 0, 
y -I- 2 — a; = 40, 
2 -f- a? - 2/ = 20. 



a a a 
h'^h b' 
c c c 



=1, 



~1, 

=1. 



X y z ' 

1-^4-^ = 2, 

X y z 

a; y 2; 



16 ^ + y ^ a?4-g ^ g + y _2 

"5 6 7 ' 



17. a? + y ^ a?H-g ^ g-l-y _2, 
a 6 c ' 



18. 



a; — y _ y — g __ a? + g _ 
- — a. 

a c 



PROBLEMS PRODUCING EQUATIONS CONTAINING ONE OR 

MORE UNKNOWN QUANTITIES 

72. 1. How far may a person ride in a car going at the 
rate of 30 miles an hour if he returns at the rate of 18 miles 
an hour and is gone but 10 hours ? 
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2. A general formed his men into a solid square, and 
had 120 men over : he increased the side of the square by 4 
men, and then lacked 240 men to complete the square. How 
many men were there in the army ? 

3. The fore wheels of a wagon are 10 feet, and the hind 
wheels 12 feet, in circumference. How far must the wagon 
go in order that the for6 wheels may make 264 revolutions 
more than the hind wheels ? 

4. A man buys two kinds of tea, one at 60 cents a pound 
and the other at 90 cents a pound. How much of each kind 
must he take to make a mixture of 120 pounds worth 80 
cents a pound ? 

6. If 6 pounds of sugar and 10 pounds of tea cost $ 6.30, 
and at the same price 10 pounds of sugar and 6 pounds of 
tea cost $ 4.10, what is the price of each per pound ? 

6. A drover sold 8 horses and 14 cows for $ 1060, and 
at the same rate 12 horses and 20 cows for $ 1560. What 
was the price of each per head ? 

7. A boy bought 12 oranges and 10 bananas for 56 
cents ; at another time at the same price 8 oranges and 15 
bananas for 54 cents. What was the cost of each ? 

8. A fruit dealer sold 8 lemons, 6 oranges, and 5 bananas 
for 58 cents; 9 lemons, 8 oranges, and 10 bananas for 79 
cents; and 10 of each kind for 90 cents. What was the 
price of each? 

9. A and B are 280 rods apart : if they approach each 
other, they will meet in 20 minutes ; but if they travel in the 
same direction, A will overtake B in 2 hours and 20 minutes. 
What is the speed of each per minute ? 

10. A and B can do a piece of work in 12 days, B and C 
in 16 days, and A and C in 20 days. How long will it take 
each to do it ? 



VI. INVOLUTION AND EVOLUTION 

INVOLUTION 

73. Involution is the process of raising a quantity to any 
required power. 

Review the definition 

1. Of Power of a Quantity (Art. 4). 

2. Of Exponent of a Quantity (Art. 4). 

74. Pbinoiplb I. All powers of a positive qiiantity are 
positive. 

This is evident since the product of like signs gives plus. 

Pbinciplb II. The even powers of a negative quantity are 
positive, and the odd pmoers are negative. 

This is evident, since 

(-ay = (-a)(-a) =-ha«, 

(-a/ = (-a)(-.a)(-a) =-a», 

(- ay = (- a)(- a)(- a)(- a) =4- a^ 

(— ay = (— a)(— a)(— a)(— a)(— a) = — a^, etc. 

INVOLUTION OF MONOMIALS 

7& 1, Find the value of (2 aV)3. 

(2a«ar^^ = 2a2aj«x!^a2aJ»x2a*a8«8aV, -4n«. • 

05 
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SECOND METHOD 

77. Arranging the terms of the result in Ex. 1, Art. 76, 
in another order, and factoring, we have 

1. Square x-\-y-\-z, 

(a- -i-y + «)2 = aj2+ (2a; -hy)y-h [2 (a; + 2/)+2]2. 
Let the pupil state the rule. 

Square : 

3. a + 6. 6. m -\- n — p -\- q. 

A. t-\-u, 1, x—y-^-z — u. 

SPECIAL METHODS OF CUBING POLYNOMIALS 

FIRST METHOD 

78. 1. Cube a -1-6. 

By squaring (Art. 76), 

(a -h 6)2 = a^ -h 2 a6 -f- 6* 
a -h 6 



a^ -h 2 a*6 -h a62 

a'h -i- 2 a62 -h h\ 

a3-|-3a26-h3a62-h63. 

Therefore, to cube a polynomial we have the following 

Rule. The cube of a polynomial having positive terms 
equals the cube of the first term, plus three times the square of 
the first by the second, plus three times the first by the square 
of the second, plus the cube of the second, plus three times the 
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SPECIAL METHODS OF SQUARING POLYNOMIALS 

FIRST METHOD 

76. Polynomials may be squared by multiplication ; but 
the result may be written without performing the actual 
multiplication. 



1. Square a + b + c. 




By multiplication, 




a -h h + 


c 


a + 6 + 


c 



a^+ aft -f- ac 
+ a6 +6*+ be 

+ ac + 6c4-(? 

a^ + 2ab-\-2ac + b^ + 2bc-\-(^ 

This result may be arranged thus ; 

(a -h 6 + c)* = a* + ft'-h c* -h 2aft -h 2ac + 26c. 

From this arrangement we derive the following 

Rule. The square of a polynomial equals the square of 
each term, together with twice the product of the terms taken 
tioo and two» 

EXAMPLES 

Square : 

2. a + ft + c-f-d. 6. m-\-n—p-\-q — o. 

^. x-\-y-\-z + u, 7. l — m-\-p — q-\-s. 

4. A-f-i + w. 8. a + Z-fgr-l-e-l-ft-f-r. 

b, x^y-\-z^u. 9. aj — n — m— 2>-|-». 

hull's el. op alo. — 7 
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SECOND METHOD 

77. Arranging the terms of the result in Ex. 1, Art. 76, 
in another order, and factoring, we have 

(a-\-b + cf = a- -\- (2a '{-b)b + [2(a-|- 6) -h c]c, 

1. Square x-\-y-\-z. 

(x^y-^zf = 7^^{2xJt-y)y^'[2(x + y)^'Z]z. 
Let the pupil state the rule. 

Square : 

2. m + ^ 6. Zi + i-f-w. 

3. a-{-h, 6. m-^-n — p + q, 
A, t + u, 7, x — y-{-z — u, 

SPECIAL METHODS OF CUBING POLYNOMIALS 

FIRST METHOD 

78. 1. Cubea-i-&. 
By squaring (Art. 76), 

(a -h 6)2 = a^ 4- 2 a& + b^ 
a 4- b 



a^^2a^b-{-ab^ 

a'b 4- 2 a&2 + b\ 

a^-^3d'b + 3ab^'{'b\ 

Therefore, to cube a polynomial we have the following 

Rule. The cube of a polynomial Tiaving positive terms 
equals the cube of the first term, plus three times the square of 
tJie first by the second, plus three times the first by the square 
of the second, plus the cube of the second, plus three times the 



THE BINOMIAL THEOREM 99 

square of the sum of the first and second by the third, plus 
three times the sum of the first and second by the square of 
the third, plus the cube of the third; and so on. 

EXAMPLES 

Cube: 

2. a; + y. 6. a-|-6 4-c-|-(f. 

Z. m-\-x, T, h -\-t-\-u, 

A, 2m-\-Sn. S. x-\-y-\-z-\-u, 

B. a-{-b-\-c. 9. ?4-m + 7i-|-o4-i>» 

SECOND METHOD 

79. A second method is derived from the first method by 
factoring. 

Thus, (a -\- b -\- cy = a^ -\- (Sa^ -{-Sab -{-b^b 

-h [3(a -h 6)' + 3(a -h 2>)c 4- c2]c. 
Let the pupil derive the rule. 

Cube : 

1. t-[-u, 4. a-f-fe + c + c?. 

2. h-\-t-{-u. 6. m + w-fo+j?. 

3. T-{-h-\-t-\-u. 6. Z + a-fw-l-d + s. 

THE BINOMIAL THBOREM 

80. The Binomial Theorem is a general method for rais- 
ing a binomial to any required power. It is a ready method 
of obtaining the powers of a binomial without the tedious 
process of multiplication. 
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SIMULTANEOUS EQUATIONS 



Mult. (1) by 2, 
Subt. (2) from (4), 

Mult. (1) by 3, 
Subt. (3) from (7), 

Mult. (6) by 2, 
Subt. (9) from (10), 

Substitute in (6), 
Whence, 
Substitute in (1), 
Whence, 



2x-\-4:y-\-6z 

2x-h3y-\-4:Z 



28 

y-\-2z= 8 



3aj4-62/-h92; = 42 
3a; + 4y4-62 = 29 



2y-{-3z = 13 

2y + 4:z 



2 = 



16 
3 



(4) 

(6) 

(7) 
(8) 
(9) 

(10) 



y + 6 
y 

« + 4 + 9 
a; 



Solve the following equations : 

' a; 4- 2/ — » = 2, 

2. ' a; — y4-2; = 6, 

. y — 0? -f- 2J = 10. 

'3a;4-23^ + « = 13, 

3. - 2x + y-2z^B, 

.x-\-2y-[-^z = 13, 

f2x-Sy-h4.z = 26, 

4. J2a?-h32^-42; = 22, 
12a; 4-32/ 4-42 = 86. 

'2x-{-2y-z = 9, 
6. 32/4-32;-a; = 33, 
l4a;4-42; — ^ = 35. 



6. 



7. 



X 



= 8. 
= 2. 
= 14. 
= 1. 
= 1, 2/=2, 2;=3, ^ns. 



'3x-\-4:y-z = 20y 
Sy -\-4:Z -x=zS2, 
3z-{'4:X — y = SS. 



2^3^4 

?4.2?_?. 
3 4 6 

14 3"^2 



= 23, 



= 4, 



= 13. 



8. i 



f2a? 4-32 = 21, 
4y-2 = 3, 
3a; 4-22 = 19. 



J 



THREE UNKNOWN QUANTITIES 
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X y 

X z 



10. 



11. 



12. 



. a — « = 1. 



13. 



14. 



15. 



1 



aj + 2^ — 2 = 0, 
y H- « — a = 40, 
« -f- a? - y = 20. 



a; V 2f 
-4-^4-- 
a a a 

I c c c 



=1, 



1, 



= 1. 



X y z 

X y z 

[X y z 



See Art 70, suggestion to Problem 11. 



16. £±l = ^±i = 5±l = 2. 
5 6 7 



17. ?1±1 = ?_±^ = ?±1 = 2. 
a & c ' 



18. 



a h c ' 



PROBLEMS PRODUCING EQUATIONS CONTAINING ONE OR 

MORE UNKNOWN QUANTITIES 

72. 1. How far may a person ride in a car going at the 
rate of 30 miles an hour if he returns at the rate of 18 miles 
an hour and is gone but 10 hours ? 
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INVOLUTION AND EVOLUTION 



Therefore, to find any root of a monomial, 

Rule. Extract the required root of the coefficient^ divide 
the exponent of each letter by the index of the root, and prefix 
to the result the proper sign. 



EXAMPLES 



Find the values of the following : 



2. -y/WaFbK 

3. ^-64a%». 

4. V49 m^n^af^. 
6. •v^256 a*b^c'\ 



6. V-32mW«. 



7. -v^a^^fe^c^o^'*. 

8. •v/-512a^w»mV. 



9. ^a*»6^-c«d24». 



11 



8 mV 



27 a»6^ 



12 'I ^'^'" 



32 a^ V 



13 






14. Show that V^^ = VV64. 
16. Show that •v^\/a^= -^-Var^. 



SQUARE ROOT OF POLYNOMIALS 

84. 1. Find the square root of a* 4- 2 a6 + b\ 

a2^2a6-h62 



a- 



2a + b 



a + 6, From the method of squaring 

A71S, * polynomial (Art. 76), the first 
term, a^, is the square of the 
first term of the root ; hence the 
first term of the root is the square 
root of a^^ which is a. Subtract- 
ing its square from the polynomial, we have 2ab -\- b^ remaining. 

The first term of this remainder is equal to twice the first term of 
the root by the second; hence we can find the second term of the 



2ab-{-b'' 
2ab-\- 
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root by dividing 2 ab by 2 a, which is b. Adding 6 to 2 a gives 2 a+5, 
the complete divisor. Multiplying 2 a + 6 by 6 and subtracting, there 
is no remainder. Hence, the square root of a^ + 2 a& + 6^ is a + 6. 

Therefore to extract the square root of a polynomial we 
have the following 

Rule. Arrange the terms dccording to the powers of some 
letter, 

Eoctract the square root of the first term, write the result as 
the first tei'm of the root, and subtract its square from the 
polynomial. 

Divide the first term of the remainder by twice the root 
already found, and annex the quotient to the root, and also to 
the trial divisor to form the complete divisor. Multiply the 
complete divisor by the second term of the root, and subtract 
the produx^ from the remainder. 

Continue in this mxinner until all the terms of the root are 
found, 

2. Find the square root of : 

4a^-12a:«-|-13a^-6a; + l |2V-3a;-H, Ans. 
4a^ 



4ic2-3a; 



- 12 ar* 4- 13 aj2 
-12«8-f- Oar* 



4:;x?-^x-\-l 



4ar*-6a;-|-l 
4aj2-6a; + l 



EXAMPLES 
Find the square root of the following : 

3. aj2-|-2a? + l. 7. ar* ~ 2 ajy -f- y*. 

4. m'-\-2mn-\-n\ 8. 16 ar* - 24 a^ -|- 9 y*. 
6. 3^2-1-4^4-4. 9. a^ — 2 a"6* -f- 6^. 
6. 9ar*-hl2aj-|-4. 10. a?*" + 2 a^y^" -|- y**. 
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11. m*-f4m»n4-10mV-f-12mn8 + 9w*. 

12. aJ*-2a^-3i»2-}-4aj + 4. 

13. m* — 2m* — m*-|-3m2 + 2m-|-l. 

14. 10n* + 25n*-20n8-|-l-4w-|-16n«-24n*. 
16. a«-4a* + 14a*-14a3-f-13a*4-30a-h9. 

SQUARE ROOT OF NUMBERS 

85. Pbinciple I. Tlie square of a number consists of 
twice as inany figures as the number y or twice as many less one. 

12 = 1, 10^ = 100, 1002 = 10000, 

92 = 81, 992 = 9801, 9992 = 998001. 

If we square 1, the smallest number of one figure, and 
9, the largest number of one figure, the square consists of 
tioice as many figures a« the number, or twice as many less one. 
In the same way we find the principle true for numbers of 
two and three figures ; hence, we infer that it is generally 
true. 

Principle II. If we point off a number into periods of two 
figures eacli, beginning at the right, the number of full periods, 
together with the partial period at the left if tJiere is one, wUl 
equal the number of figures in the square root. 

This is evident from Prin. I. 

Principle III. The square of a decimal contains twice as 
many figures as the decimal itself 

.12 = .01, .92 = .81, .012 ^ QQQi^ 992 ^ 9801^ 

It is thus seen that the square of a decimal of one place 
occupies two places, and the square of a decimal of two 
places occupies four places ; hence, we infer that the prin- 
ciple is generally true. 



SQUARE ROOT OF NUMBERS 
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Principle IV. If we represent the units by u, tens by ty 
hundreds by h, and thousands by T, we will obtain the following 
formulas : 

(t-{-uy = t^-^2tu + u\ 

(h+.t + uy = h^-{-2ht-]-t^-{-2(h-\-t)u-{-u% etc. 



1. Find the square root of 9025. 

<2 + 2 tu 4- tA* = 90'25 



«2 = 


= 8100 


(2 t-\'U)u = 
2 « = 2 X 90 = 180 

+ «A = 5 


9 25 



90 
_5 
95, Ans. 



(2^ + tt)u = 185= 925 

Separating the number into periods of two figures each, 
we see that the root will contain two figures (Prin. II) ; hence, 
the root consists of tens and units, and the number consists 

of ^4-2^^4- w^. 

The greatest number of tens whose square is contained in 
9025 is 9 tens, or 90. Subtracting the square of 90 from 
9025, we have 925 remaining, which equals 2tu -\- v^\ Now, 
since 2fu is generally very much greater than \^, 925 con- 
sists principally of 2tu\ hence, we can find the units by 
dividing 925 by 2 1, or 180 ; dividing 925 by 180 gives 5, the 
units' figure, and (2^-f w)w = (1804-5)5, or 925; subtracting, 
there is no remainder. Hence, the square root of 9025 is 95. 

Therefore, to extract the square root of a number, we have 
the following 

Rule. Separate the number into periods of two figures 
each, beginning at units* place. 

Find the largest number whose square is contained in the 
left-hand period, write it as the first figure of the root, subtract 
its square from the number, and bring down the next period 
for a new dividend. 
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Divide the new dividend, omitting the last figure, by twice the 
root already fouiid, and annex the quotient to the root and also 
to tlie divisor. 

Multiply the complete divisor by the second term of the root, 
and subtract the product from the dividend, 

Tims continue until all the peHods are used. 



, EXAMPLES 

2. Find the square root of 119,025. 
In practice, the work is as follows : 

11'90'25|345 



64 
685 



9 



290 
256 



3425 
3425 



Find the square root of : 

3. 3025. 7. 56,644. 

4. 5184. 8. 321,489. 

5. 7225. 9. 767,376. 

6. 2209. 10. 944,784. 



11. 4,016,016. 

12. 11,594,025. 

13. 14,167,696. 

14. 250,050,969. 



CUBE ROOT OF POLYNOMIALS 

86. 1. Find the cube root of a^ -f 3 a^b + 3 afe^ + b\ 

a84.3a26+3a62^-63 a^b, Ans. 



Trial divisor, 3 a* 

1st correction, +3a6 

2d correction, -f ^^ 

Complete divisor, 3 a^ + 3 a6 + 6^ 



3a26+3a62+63 



Za%+ZaW-\-W 



CUBE ROOT OF POLYNOMIALS 
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From the method of cubing a polynomial (Art. 78), the 
first term, a®, is the cube of the first term of the root; 
hence, the first term of the root is the cube root of a^, 
which is a. Subtracting its cube from the polynomial, 
we have 3 a^6 + 3 a6^ -f 6^ remaining. 

The first term of the remainder is equal to three times the 
square of the first term by the second; hence, we can find 
the second term of the root by dividing 3 a^h by 3 a^, which 
gives h. The first correction is equal to three times the 
product of the terms, or 3 a6, and the second correction is 
equal to the square of the second term, or h^. 

Adding, we find the complete divisor equals 3 a^+3 aft-fft^. 
Multiplying by the second term and subtracting, there is no 
remainder. Hence, the cube root is a + 6. 

2. Find the cube root of a*' — 3 a* + 5 a^ — 3 a — 1. 





a«~3aH5a3-3a-l 
a« 


a^— a— 1, 
Ans. 


3a* 

-3a« 


-3a*-f5a8 


3a*-3a«+a2 
a? 


-3a*+3a*-a« 


3 a* 6aH3a2 

~3a2+3a 

+1 


-3a*-f6a3-3a-l 


3 a* QaJ^-^ 3a+l 


-3a*+6a2~3 


a-1 



The first two terms are found as in Ex. 1. The second 
trial divisor may be found by taking three times the square 
of the root already found, thus, 3 (a^ — a)^ = 3 a* — 6 a^ + 3 a^ ; 
but a more convenient way is to repeat the second correc- 
tion (a^, and add it to the sum of the complete divisor and 
the two corrections, which gives 3 a* — 6 a^ -f 3 a^ 
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Dividing the remainder by the new trial divisor, we 
have —1, the next term of the root. The first term is 
3(a^ — a)(— 1); the second correction is (— 1)^ Adding 
these corrections to the trial divisor, we have 3 a* — 6 a^ 
+ 3 a + 1. Multiplying by — 1 and subtracting, there is 
no remainder. 

Hence, the cube root is a* — a— 1. 

Therefore, to extract the cube root of a polynomial, we 
have the following 

Rule. Arrange the terms dccording to the powers of some 
letter. 

Extract the cube root of the first term, write the result as 
the first term of the root, and subtract its cube from the poly- 
nomial. 

Divide the first term of the remainder by three times the 
square of the root already found, and write the quotient for 
the next term of the root. 

Add to the trial divisor three times the product of the first 
and second terms of the root, and the square of the second term. 
Multiply the complete divisor by the second term of the root, 
and subtract the product from the remainder. 

To find the second, trial divisor, repeat the second correction, 
and add it to the sum of the preceding complete divisor and the 
first and second corrections. 

Continue in this manner until all the terms of the root are 
found. 

Note. The preceding method of cube root is the shortest and 
most convenient method now in use. The abbreviation consists in 
obtaining the successive trial divisors by using the previous work. It 
is applicable alike to polynomials and numbers, and the larger the 
problem the greater the abbreviation. The form given here should be 
carefully followed. 
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EXAMPLES 



3. Find the cube root of : 



3m^ 



-fCm^ 



4-4 m^ 



3m*+6m^+4m2 
4m^ 



m«H-6m^-40m»4-96m-64|m*-f2m-4, 



m 



6m*-40m» 



6m^+12m*-f8m8 



3m*-fl2m3-fl2m2 

-12m2-24m 



+16 



3m* -h 12m3 



-24m+16 



-12m*-48m»-f96m-64 



-12m*-48?»8-f96m-64 



Find the cube root of the following : 

4. m^ — 3 m*/i + 3 mw^ — n*. 

5. l_6m-f 12m2-8m3. 

6. f-hSf-5f + 3y-l. 

7. a^-f9ar'-135ic8-f 7-29a?-729. 

8. a3-3a26 + 3a62-6^ 

9. m* — 3mV + 3mV — n^ 

10. l-9a; + 39aj2-99aj3-j-l56aj*-144aj*-f64a^. 

11. yj_92^4.33y4_63y^ + 66y2_35y^3 

12. a«-6a*4-15a*-20a« + 15a2-6a4-l. 

13. a«-9a* + 33a*-63a3^-66a2-36a + 8. 

14. 2/*-3/+6/-10/+12/-12y*-flO/-62^2+3y 



-1. 



110 INVOLUTION AND EVOLUTION 

CUBE ROOT OF NUMBERS 

87. Principle I. The cube of a number consists of three 
times as many figures as the number, or three times as Toany 
less one or two, 

18=1, 10^ = 1000, 

38 = 27, 308 = 27000, 

98 = 729, 998 = 970299. 

The cube of 1, the smallest number of one figure, is 1 ; 
the cube of 3 is 27, and the cube of 9, the largest number 
of one figure, is 729 ; hence, the cube of a number of one 
figure contains one, two, or three figures ; that is, three times 
as many, or three times as many less one or two. 

In the same way we find the principle true for numbers 
of two figures ; hence, we infer that it is generally true. 

Principle II. If a number is pointed of into periods of 
three figures each, beginning at the right, the number of full pe- 
riods, together with the partial period on the left if there is one, 
will equal the number of figures in the root. 

• 

This is evident from Prin. I. 

Principle III. The cube of a decimal contains three tim£s 
as many figures as the decimal itself 

.18 = .001, .018 ^ .000001, 

.98 = .729, .998 = .970299. 

It is thus seen that the cube of a decimal of one figure 
contains three figures, and the cube of a decimal of two 
figures contains six figures ; hence, we infer that the princi- 
ple is generally true. 
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Principle IV. If we represent the units by u, the tens by t, 
and the hundreds by h, we will have the following formulas : 

(U^t-\-uf=.¥+^hH-\-3hf-\-f'\'^{h-\-tyu^^(h-\-tyu-\-u\ 



1. Find the cube root of 300,763. 

f^^fu + ^tu^-\-u^=^ 
t^ = 608 = 



(3e^^tu-\-u^u = 

3^^ = 3x602 =10800 
+ 3^w = 3 X 60x 7 = 1260 

+ ^2 = 7^ = 49 



(3 <^ + 3 ^u + ^')u = 12109 X 7 



300763 
216 000 



84 763 



60 

7 



67, Ans, 



84 763 



Separating the number into periods of three figures each, 

we find the root will contain two figures (Prin. II) ; hencft 

the root will consist of tens and units, while the number 

consists of 

i^-\-Zfu-\-^tu^ + u\ 

The greatest number of tens whose cube is contained in 
300,763 is 6 tens, or 60. Subtracting the cube of 60 from 
300,763, we have 84,763 remaining, which equals 3 <^w 4- 3 tu^ 
+ u\ 

Since 3 fu is always greater than 3 tu^ + u^y 84,763 consists 
principally of 3 fu ; hence we can find the units' figure by 
dividing 84,763 by 3 1^, or 10,800. Dividing 84,763 by 10,800 
gives 7, the units' figure. The first correction is 3 ^i* = 3 x 
60 X 7 = 1260, and the second correction is v^ = 7^ = 49 ; 
taking the sum, we have 12,109. Multiplying by 7 and sub- 
tracting, there is no remainder. Hence the cube root is 
60 4- 7, or 67. 
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2. Find the cube root of 95,256,152,263. 





95'256'162'263 
64 


48 
60 

25 


31256 


6425 
25 


27125 


6075 
810 
36 


4 131 152 


615636 
36 


3 693 816 


623808 
9576 
49 


437 336 263 


62476609 


437 336263 



4567, Ans. 



The first two figures of the root are found as in Ex. 1. 
The second trial divisor, 6075, may be found by taking three 
times 45^ ; but a more convenient way is to repeat the sec- 
ond correction (25) and add it to the sum of the complete 
divisor and the two corrections, which gives 6075. 

Dividing 4,131,152 by 6075, omitting the last two figures, 
we find tjie next figure of the root to be 6. Adding the first 
correction, 3 x 6 x 45=810, and the second correction, 6^=36, 
we have the complete divisor 615,636. Multiplying by 6 and 
subtracting, we have 437,336,263. 

The third trial divisor is found by repeating the second 
correction (36) and adding it to the last complete divisor 
and the first and second corrections, which gives 623,808. 
Dividing 437,336,263 by 623,808, omitting the last two fig- 
ures, we find the next figure of the root to be 7. Adding 
the first and second corrections, multiplying by 7, and 
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subtracting, we have no remainder. Hence the cube root 
is 4567. 

Therefore, to extract the cube root of a number, we have 
the following 

Rule. Separate the number into periods of three figures 
eojch, beginning with the tmits^ place. 

Find the largest number whose cube is contained in the left- 
hand period, and write it as the first figure of the root; subtract 
its cube from the period, and bring down the next period for a 
nefjo dividend. 

Divide the new dividend, omitting the last two figures, by 
three times the square of the root already found, and write the 
quotient as the second figure of the root 

To the trial divisor add three times the product of the last 
figure of the root and the part of the root previously found, 
written one figure to the rigJU, and the square of the last figure 
of the root, written two figures to the right, for the complete 
divisor. 

Multiply the complete divisor by the figure of the root last 
found, and subtract the product from the remainder. 

Thus continue until all tJie periods are used, 

EXAMPLES 
Find the cube root of : 

3. 250,047. 7. 438,976. ' 11. 41,063,625. 

4. 262,144. 8. 804,357, 12. 60,236,288. 

5. 614,125. 9. 1,860,867. 13. 277,167,808. 

6. 571,787. 10. 34,328,125. 14. 80,677,568,161. 



hull's bl. op alg. — 8 



VII. QUADRATIC EQUATIONS 

88. A Quadratic Equation is an equation of the second 
degree. 

Thus, ix^ = b, and aa* + 6aj = c. 

89. There are two kinds of quadratic equations, (1) Pure, 
or Incomplete quadratics and (2) Affected, or Complete quad- 
ratics. 

90. A Pure Quadratic Equation is one which contains only 
the second power of the unknown quantity ; as, a* = h. 

91. An Affected Quadratic Equation is one which contains 
both the first and the second powers of the unknown quan- 

PURE QUADRATIC EQUATIONS 

92. Examples. 

1. Solve the equation o? = 16. 

Solution 
a;2 = 16. 
Extracting the square root, x = d: 4' 

2. Solve the equation 5 ar^ — 10 = 115. 

Transposing, 5 a^ = 125, 

or a^ = 25. 

Extracting the square root, x^±,h. 

Note. The sign ±^ read plus or iainus^ shows that the root is 
either + or -, since (+ 6) x (+ 5)=s 26, and (- 6)x (- 5)= 25. 

114 
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Solve the equations : 

3. a!2-8 = 56. 11. caj2-6 = 4. 

4. a!^ 4-15 = 136. 12. aop^ - b == ca^ -{- d. 

5. 2ar^-5 = 283. 13. ^ + 4 = ^^-"^> 

3 6 

6. 2aj2-4=a!2+12. ,^ , « 

14. nar — wiar = p. 

7. (a;-3)(a: + 3) = 40. ^^ (x-^4y+(x^2y=ix-{-92. 

8. ir2~a = 6. ig, (aj + 5)2 + 4 = 10aj + 38. 

9. 4ar^ + 15 = 415. 17. or^ - 8 = 2(a^ - 36). 

10. \-0 = C, 18. !— - = !— -• 

a a; — 4 x — o 

19. (a; + 5)2 + (a;-5)(a;-6)=-la; + 153. 

20. (a? + 6)2 4-32 = (a;-8y + a!2 + 28a;. 

PROBLEMS 

93. 1. The square of a number, plus 20 equals the square 
of half the number, plus 128. Find the number. 

2. A lady being asked the number of pupils in her school, 
replied, " The square of half the number equals the square 
of one fourth of the number, increased by 75." How many 
pupils had she ? 

3. A farm containing 32 acres is 5 times as long as it 
is wide. Find its length and width. 

4. An army of 3300 men, after sending out a detachment 
of 384 men, was formed into four equal squares. How many 
men were there in each side of a square ? 

5. The square of | of a number is 72 less than | of the 
square of the number. Find the number. 
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6. Five ninths of the square of a number is 8405. Find 
the number. 

7. Fifty is J of the difference between the square of 
twice a number and twice the square of a number. What 
is the number ? 

8. Three times the square of a number is 27 more than 
9 times the square of half the number. What is the number? 

9. Three fourths of the square of a number is 12 more 
than the square of f of the number. What is the number ? 

10. One sixth of a number multiplied by one fifth of a 
number is 30. What is the number ? 

11. The difference between the square of twice a number 
and twice the square of a number is 8450. What is the 
number ? 

AFFECTED QUADRATICS 

94. An Affected Quadratic Equation is solved by adding 
such a quantity to both members of the equation as will 
make the first member a perfect square. This process is 
called completing the sqwire. 

FIRST METHOD OF COMPLETING THE SQUARE 

95. We found in Art. 36, Prin. I, that 

(a;+jp)^ = aj^-f-2j9a;-f 2>^, and (x^pf ^7^ — 2 px •{■'[?, 

It is seen that a? + 2px and 7? — 2px each lack p^ of being a 
perfect square. If x^-\-2px or x^ — 2px is given, we can 
find p^ by dividing the second term, 2px, by twice the square 
root of the first term, t?, thus 



V?=a and -J-—^p. 



2»--P- 
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1 . Solve the equation a^ + 8 aj = 9. 

We have, cc^ + 8 a? = 9. 

If we regard cc^ + 8 aj as the first two terms of the square 
of a binomial, then the third term is found by dividing 8 x 

by 2V^ and squaring the result. -— = 4: 4^ = 16. 

2x 

Completing the square, ar^ -f 8 a? + 16 = 25. 

Extracting the square root, a? + 4 = ± 5. 

And, a? = — 4 ± 5, 

a; = — 9, or +1. 

2. Solve aj2 + 10 a? = 24. 

We have a^+ 10 a; = 24. 

Completing the square, a^ + 10 a; + 25 = 49. 
Extracting the square root, a? 4- 5 = ± 7. 

And, a? = — 5 ± 7, 

x = 2, -12. 

3. Solve ar* - 16 a? = 36. 

We have a^ - 16 a: = 36. 

Completing the square, a^ — 16 a; + 64 = 100. 

Extracting the square, a? — 8 = ± 10. 

And, a? = 8 ± 10, 

a; = -2, 18. 

Note. This method is used when the coefficient of x^ is 1, and the 
coefficient of x is even. 
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EXAMPLES 

Solve the following equations : 

4. aj« + 6a; = 40. 11. a* -f 14 a; = 15. 

5. x^-10x = 75. 12. a!2-16a; = 36. 

6. a^-20x = 21. 13. a^-18a; = 40. 

7. a* + 12aj = 108. 14. ir2 + 30a; = 99. 

8. ir2 4- 20 a; = 69. 15. a!2-24a; = 25. 

9. a^-4a; = 96. 16. 3i^-2x = 399. 
10. ar* + 8a; = 180. 17. or* + 14 a; = - 24. 

SECOND METHOD OF COMPLETING THE SQUARE 

96. If a quadratic of the form 

is solved by the preceding method, it will involve fractions, 
which will make the process long and difficult. The fol- 
lowing method is used to avoid fractions : 

1. Solve 2a^ + Sx = 5. 

To make the coefficient of o^ a perfect square, we must 
multiply the equation by 2. To make the second term, 3x, 
divisible by twice the sqtiare root of the first term, we must 
multiply the equation by 4 ; multiplying the equation by 8, 

we have 16 x^ + 24 aj = 40. 

Completing the square as in the first method, we have 

16a:2^24a: + 9 = 49. 

Extracting the square root, 

4a;-f3 = ±7, 

and aj=^^?^ = l, -2f 
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2. Solve 2aj2-3a? = 2. 

We have 2a^-3aj = 2. 

Multiplying by 8, 16 a* - 24 a? = 16. 
Completing the square, 

16ar'-24aj + 9 = 25. 
Extracting the square root, 

4a;--3= ±5, 

and a; = ±A±^ = 2, -^. 

4 ' 2 

EXAMPLES 
Solve the following equations : 

3. 2a* + ir = 21. 10. 3aj2-|-5a; = 42. 

4. 3ar»-2a;=21. 11. 5ir2-7a; = 52. 

5. 4a?2 + aj = 18. 12. 30:2^43.^95 

6. 3a:2_4^^55 13 3 ar^ ^ 5 a; = 198. 

7. 2x2 + 7a: = 22. 14. 6ar^ + 5a; = 34. 

8. 7?-\-x = 2{i, 15. 3aj2 4.8a; = 28. 

9. 2x2 — 7 a; = — 6. 16. aa:^ ^ 5a. _. c. 

PROBLEMS 

97. 1. The sum of two numbers is 14, and their product 
is 48. What are the numbers ? 

Let X — one number. 

Then, 14 — a; = the other number. 



-» 
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By the condition, aj(14 — x) = 48. 

Expanding, 14 a? — a?^ = 48, 

and, or^ — 14 oj = — 48. 

Whence, a^ - 14 a: -f 49 = 1. 

aj — 7 = ±1. 
a; = 7±l = 8, or 6, 
14 — a? = 6, or 8, Arts. 

2. Find two numbers whose sum is 18, and whose 
product is 72. 

3. Find two numbers whose difference is 7, and whose 
product is 260. 

4. Divide 28 into two such parts that their product will 
be 75. 

6. Find a number whose square increased by 6 times 
the number equals 72. 

6. A man sold a cow for $24, and gained as many per 
cent as the cow cost him dollars. Find the cost of the cow. 

7. A man sold his horse for $171, and gained as many 
per cent as the horse cost him dollars. What was the cost 
of the horse ? 

8. A sold goods for $39, and gained as many per cent 
as the goods cost him dollars. Find the cost of the goods. 

9. A rectangular farm is 3 times as long as it is wide. 
If it is made 10 rods wider and 20 rods longer, its area will 
be doubled. Find the area of the farm. 

10. The length of a rectangular room exceeds its width 
by 8 feet, and the area is 560 square feet. What are the 
dimensions of the room ? 



1. Solve the equations 
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QUADRATIC EQUATIONS CONTAINING TWO UNKNOWN 

QUANTITIES 

98. The Degree of an equation containing two unknown 
quantities is determined by the greatest sum of the exponents 
of the unknown quantities in any term. 

Thus, xy = 4: is an equation of the second degree. 

Solution 

cc -f 2/ = 7, (1) 

a^-}-yg=25. (2) 

Square (1), a^-{-2 xy-{-f = 4:9. (3) 

Subt. (2) from (3), 2xy= 24. (4) 

Subt. (4) from (2), a:^ - 2 a?y -f / = 1. (5) 

Extract square root of (5), x — y=±l. (6) 

Add (1) and (6), 2 « = 8, or 6. 

a; = 4, or 3, Ans, 
and y = 3, or 4, Ans. 

The pupil should always try to find an expression for 
X -{-y and x — y. The value of x can then be found by 
addition, and the value of y by subtraction. 



2. Solve 



p+2/=ll, (1) 

a^^f = S3. (2) 

Solution 

Divide (2) by (1), x-y = 3. (3) 

Add (1) and (3), 2x = U, 

a? = 7, A718, 
and y = 3, Ans. 
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Solve the following equations : 
xy = 12, 

r x^y = 12. 



4. 



5. 



8 



9 



x-\-y 



•{ 

\^ — f = 



10. 






11 



r «-2^= 

loj^ — v* = 



■•{ 



13. Solve 



ajy = 18, 
aj2-f 2^ = 85. 



12. 






9, 
351. 

2, 

98. 

24, 
416. 

16, 
384. 

18, 
45. 



U'2 + 2/2 = 13. 



y = 9-3a?. 



From (1), 
Substitute (^) in (2), 

or a^-f81-54a?-f-9a^ = 13. 



And 



or 



10a^-54aj = -68, 
5a^-27a; = -34. 



From (7), 



x-=i2j or 3|^, ^n«. 



14. 



15. 



2a?-f 2^ = 11, 

aj + 32^ = 7, 
.aj^ + 2/^ = 5. 



16. 



17. 



2a? + 32/ = 5, 

«2 4-2/^ = 2. 

aj-2y = 2, 

7?—jf = 15. 



(1) 

(2) 
(3) 

(4) 
(6) 
(6) 
(7) 
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18. Solve 



Mult. (2) by 3, Soc^y-^S xf = 18. 

Add (3) to (1), a^-{-3a^y + 3xf-\-f=:27. 
Extract the cube root of (4), x-{-y = 3. 
Divide (2) by (5), xy = 2. 

Square (5), a^ -{- 2 xy -{- f = 9. 

Subt. 4 X (6) from (7), ar* - 2 a;y -f y^ ^ -^^ 



And 

Add (5) and (9), 

And, 

'ajS + 2^=35, 

19. ^ , 30 

xy 



20. 



a^ + f =217, 
oj^y-f a^ = 42. 



a?-2^ = ±l. 
2a; = 4, 2,- 
a? = 2, 1, ^?i«. 
y = l, 2, ^ns. 

' af^-2/» =208, 
a^ — xy^=z 48. 

<- a^ 4- 2^ = 133, 



21. 



22. 



a?y 



23. Solve 



fa^-f xy 4-2^ = 39, 



la;* + a^/ + 2^ = 741. 
Divide (2) by (1), ay^ ^ xy -{- f = 19. 
Subt. (3) from (1), 2 a;^^ = 20. 

And, a^ = 10. 

Add (5) to (1), Q^-{-2xy + y^ = ^9. 
Subt. (5) from (3), aj^ - 2 a?^ + y' = 9. 
From (6), x-\-y= ± 7. 

From (7), a - 2/ = ± 3. 

From (8) and (9), x=±5y Arts. 

y=±2, Ans. 



(1) 

(2) 
(3) 
(4) 
(6) 
(6) 
(7) 
(8) 
(9) 



(1) 
(2) 

(3) 
(4) 
(6) 

(6) 

(7) 

(8) 
(9) 
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a?* -f- ^y^ 4- y* = 651. 
• 1 3^4.3^4-0^2^ = 336. 



26. 



27. 



a?4 4-a^yJ4-y* = 91. 
0? 4- V^ + y =7, 



28. 



30 



31 



a^y 4- 0^2^20, 

316. 

aj»4- 2/^ = 35, 
ay + 2/^ = 7. 



MISCELLANEOUS EXAMPLES 

(a?+2^y4-4(aJ4-2^)=117. 



32 



la?— v = 7. 



•{ 

laj' — 2/^ = 
ra5»4- 



33. 



34. 



35. 



y 

a? + f = 104:y 
a;*4-y* = 10,016. 

p«4_2/2 4.a?4-y = 62, 

. a;2/ = 14' 
{xy = 12, 
a?* 4. 2/4 = 337. 



PROBLEMS 



99. 1. The sum of two numbers is 14, and their product 
is 24. What are the numbers ? 

2. The sum of two numbers is 9, and the sum of their 
squares is 45. Find the numbers. 

3. The sum of two numbers is 10, and the difference of 
their squares is 20. Find the numbers. 

4. The sum of the squares of two numbers is 10, and the 
sum of their fourth powers is 82. Find the numbers. 

5. The product of two numbers is 6 times their sum, and 
the sum of their squares is 325. Find the numbers. 

6. A has two cubical boxes ; the difference of their con- 
tents is 342 cubic inches, and the difference of their edges is 
6 inches. What is the length of each box ? 



VIII. PROGRESSIONS 

100. A Series is a succession of quantities which vary- 
according to some fixed law. 

Thus, 2, 4, 6, 8, 10, etc. 

2, 4, 8, 16, 32, etc. 

1, 4, 9, 16, 25, etc. 

ARITHMETICAL PROGRESSION 

101. An Arithmetical Progression is a series of quantities 
which vary by a common difference. 

Thus, 1, 3, 5, 7, ••• is an increasing arithmetical progres- 
sion, in which the common difference is 2. 

6, 4, 2, 0, — 2, — 4, ••• is a decreasing arithmetical progres- 
sion, in which the common difference is —2. 

102. The Quantities considered in an arithmetical progres- 
sion are Jive, any three of which being given the other two 
may be found. They are represented as follows : 

(1) The first term, a. (3) The number of terms, n. 

(2) The last term, I, (4) The common difference, d. 

(5) The sum of the terms, s. 
125 
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103. Case I. Given the first term, the common difference^ 
and the number of terms, to find the last term. 

1. Given the first term a, the common difference d, axid 
the number of terms n, to find the last term L 

The first term = a, 
the second term = a -f c?, 
the third term — a -\-2d, 
the fourth term = a -f 3 c?, 
the tenth term = a + 9 d, 
the nth teriii = a -f (n — l)d 

If we represent the nth term by Z, we have 

/=a + (/i-l)(/. (I) 

2. Find the 20th term of the series 2, 4, 6, 8, etc. 

In this example a = 2, d = 2, and n = 20. Substituting 

these values in , , . .., 

Z = a -f (n — 1) a, 

we have, Z = 2 + (20 - 1)2 = 40, Ans. 

EXAMPLES 

3. Find the 12th term of 1, 3, 6, 7, .... 

4. Find the 20th term of 3, 6, 9, .... 

5. Find the 30th term of 1, 4, 7, .... 

6. Find the 41st term of 2, 5, 8, «... 

7. Find the 15th term of 40, 46, 52, .... 

8. Find the nth term of 2, 4, 6, .... * 

9. Find the nth term of 1, 3, 5, .... 
10. Find the nth term of 1, 4, 7, .... 



ARITHMETICAL PROGRESSION 127 

104. Case II. Given the first term, the last term, and the 
number of terms, to find the sum of the terms. 

1. Given the first term a, the last term I, and the num- 
ber of terms n, to find the sum of the terms. 

By adding the series we have 

8 = a + (a -f- c?) + (a 4- 2 d) -f (a + 3 (f) . . . Z. 

Inverting the series, 

s = Z + (Z - d) -f (/ - 2 c?) + (Z - 3 c?) • . . a. 

Adding these equations, 

2 s = (a -f Z) -f (a -f + (a + 0(« + ••• (<* + 0- 

It is seen that (a -f- Z) is taken as many times as there are 
terms, or n times ; hence, 

2 s = n (a -f Z). 
And «=?(« + /). (II) 

EXAMPLES 

2 . Find the sum of 12 terms of the series 2 -f 4 -f 6 -f 8 • • •. 
In this series a =2, n = 12, and cZ = 2. 

Substituting these values in 

Z = a -h (n — 1) cZ, 

Z = 2-h(12-l)2=24. 

Substituting, s = - (a + Z), 

8 = ^2^(2 +24)«156, Ans. 



128 PB0GBES8I0N8 

Find the sum : 

3. Of 10 terms of 1 -f 3 + 5 —. 

4. Of 12 terms of 1 + 4 + 7 .... 

5. Of 20 terms of 2 + 4 + 6 .... 

6. Of 24 terms of 1 + 6 + 11 .... 

7. Of 18 terms of 6 + 10 + 15 .... 

8. Of n terms of 1 + 3 + 6 .... 

9. Of n terms of 2 + 4 + 6 ... . 
10. Of n terms of a + 2a + 3a .... 

* PROBLEMS 

105. 1. A common clock strikes from 1 to 12; how 
often does it strike in 24 hours ? 

2. The Greenwich clock strikes from 1 to 24 ; how often 
does it strike in 24 hours ? 

3. If a body falls 16^^ feet the first second, three times 
as far the second, five times as far the third, and so on, how 
far will it fall in a minute ? 

4. If a stone dropped from a tower reaches the ground 
in 4 seconds, find the height of the tower. (See Ex. 3.) 

5. The nth term of a series is 2 n + 1. Find the series. 

6. The sum of n terms is n^. Find the series. 

7. The sum of n terms is n^ + n. Find the series. 

8. The sum of n terms is 3 m^ + 3 n. Find the series. 

9. Find three numbers in arithmetical progression, such 
that their sum shall be 21, and their product 231. 

Note. Represent the terms by x — y, x, and x-\-y. 

10. Find three numbers in arithmetical progression, such 
that the sum of the squares of the first and second shall be 
73, and the sum of the squares of the second and third shall 
be 233. 
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^ GEOMETRICAL PROGRESSION 

106. A Geometrical Progression is a series of quantities 
which vary by a constant multiplier. 

Thus, 2, 4, 8, 16, ••• is an increasing geometrical progres- 
sion, in which the constant multiplier is 2. 

81, 27, 9, 3, 1, '"is a decreasing geometrical progression, 
in which the constant multiplier is ^. 

107. The Quantities considered in geometrical progression 
are Jive, any three of which being given the other two may 
be found. They are represented as follows : 

(1) The first term, a, (3) The number of terms, n, 

(2) The last term, I, (4) The ratio, r. 

(5) The sum of the terms, s. 

106. Case I. Given the first term, the ratio, and the num- 
ber of terms, to find the last term. 

1. Given the first term a, the ratio r, and the number of 
terms n, to find the last term. 

The first term = a, 

The second term = ar, 

The third term = ar^. 

The fourth term = ar^y 

The tenth term = ar^, 

The nth. term = ar"""^ 

If we represent the nth term by I, we have 

f=ar"-^ (I) 

HULL^S BL. OP ALG. — 9 
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2. Find the 10th term of the series 2, 4, 8, 16, •••. 

In this example a = 2, r = 2, and n = 10. Substituting 
these values in , _ , 

Z = 2 X 2^0-1, 

Z = 2x2», 

; = 2^0 = 1024, ^ns. 

3. Find the 8th term of 1, 3, 9, .... 

4. Find the 12th term of 1, 2, 4, .... 

5. Find the 9th term of 3, 9, 27, .... 

6. Find the 11th term of 1, 4, 16, .... 

7. Find the nth term of 1, 3, 9, .... 

8. Find the nth term of 2, 4, 8, .... 

9. Find the nth term of a, 3 a^, 9 a^, «... 

10. Find the nth term of 1, — 3, 9, — 27, .-. 

11. Find the nth term of 1, ^, J, .... 

12. Find the nth term of 1, ^, -J-, .••. 

109. Case II. Given the first term, the last term, and the 
number of terms, to find the sum of the terms. 

1. Given the first term a, the last term I, and the number 
of the terms n, to find the sum of the terms s. 

By adding the series, we have 

s = a-\- ar-\- ar^ -f ar^ ••• Z. (1) 

Multiplying the series by r, we have 

rs = ar 4 ar^ -h ar^ ••• + Z -f Zr. (2) 
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Subtracting (1) from (2), we have 

(r — 1)8 = rl — a, 

and ^=^±:Lf[. (II) 

By formula I Z = ar*'"\ 

Then rl = a?*". 

Substituting ar* for rl in (II), we have 

, = ?!!:i=^. (Ill) 

r — 1 

EXAMPLES 

2. Find the sum of 8 terms of the series 2-f-4-f-8-f-16 •••. 
In this series, a = 2, r = 2, and ?i = 8. 

Substituting these values in 



8 = 



we have « = 



r-1 ' 

2x2«--2 
2-1 



Or, 8 = — - — = 510, Ana. 

Find the sum : 

3. Of 10 terms of the series 1 -f 3 + 9 •••. 

4. Of 12 terms of the series 2 -f 4 -f 8 •••. 

5. Of 6 terms of the series 3 -f 12 -f 48 •••. 

6. Of 13 terms of the series 1 -f 2 -f 4 •••. 

7. Of 11 terms of the series 1 - 3 -f- 9 - 27 
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8. Of 10 terms of the series 1 — 2 -f 4 — 8 •••. 

9. Of n terms of the series 1 + 2-1-4 •••. 

10. Of n terms of the series 1 -f 3 +9 •••. 

11. Of n terms of the series 1 -f ^ -f J •••. 

12. Of n terms of the series 1 -f- J -f J**'. 

INFINITE SERIES 

110. An Infinite Series is a series in which the number of 
terms is infinite ; as, 1 -f ^ -|- :|, etc. 

The Sum of a decreasing geometrical series to infinity is 
the limit toward which the sum of the series approaches as 
the number of terms increase. 

111. To find the sum of a decreasing geometrical series to 
infinity. ' 

The value of « in formula (II) for a decreasing series is 

a — rl 



8= 



1-r 



It is seen that in a decreasing geometrical series the last 
term becomes smaller as the number of terms increases, and 
when the number of terms is infinitely large the last term 
is infinitely small, and approaches the limit 0; therefore 
rl approaches the limit and may be disregarded. 

Therefore, the limit of ^""^^ ^ 



1 — r 1 — r 

Hence the sum of a decreasing geometrical series to 
infinity is 

» = r^' (IV) 

1 — r 
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EXAMPLES 

Find the sum of the infinite series : 

1- 1+i + i-- «. i+i + iV-- 

2. l + i + |.... 7. \ + ^ + ^.... 

»• l + i + :^-. 8. 1-^ + ^-1-... 

5. l + i + T^-. 10. i-^ + Tfr — 

PROBLEMS 

112. 1. The nth term is 5**"^ Find the series. 

2. The nth term is a^. Find the series. 

3. The sum of n terms is 2* — 1. Find the series. 

4. The sum of n terms is -f — \ Find the series. 



" i(^) 



5. A man agreed to labor at the rate of f 1 for January, 
• $2 for February, $4 for March, and so on to the end of the 

year. How much did he receive ? 

6. A agreed to labor 20 days on condition that he should 
receive 1 cent for the first day, 2 cents for the second day, 
4 cents for the third day, and so on. How much did he 
receive ? 
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I. ALGEBRAIC NOTATION (pp. 9-19) 

113. Find the value of the following expressions when 
a? = 10 and y = 4 : 

1. ; • ^, • O. • 

x-iry x — y x — y 

T^-y^ a?-\-f ^-y" 

x — y x-^-y ar — y^ 

7. Show that {x -\- y) (x — y) = os^ — y\ 

m 

8. Show that {x -\- yf — a^ ^ 2 xy -^ f. 

9. Show that (a; — y)2 = ic2 — 2 ajy + 2^. 

10. Show that (a? -f- 1/)^ = ic^ -f- 3 ar^^/ + 3 a^^ -H 2/^. 

11. Show that (aj — 2/)' = ar' — 3 a:^ -f 3 a^^ — ^. 

12. Show that ?^^ = aj* + ar*+ar^ + a: -fl. 

« — 1 

13. Find the value of ^y^ -f Vir + y -h 67. 

14. Find the value of Var^ -\-f-\- Va; -f 15. 

II. FUNDAMENTAL PROCESSES (pp. 80-48) 

15. Add a^ + 2 ajy -f ^, a^ — 2 a^t/ 4- 2/^ a^ -f a^ -I- ^, a:^ — ajy 
-f 2/S ar^ -f 4 «2/ — 2/^ oi? — 6xy — if, —9xr — 6xy — 9y^, 16 x^ 
-Sxy-\-16f, 6x^-12xy-\-6y^, 10 x^ - 10 xy -^ 10 y% and 
4 a?^ — a;y — 2 y^. 

134 
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16. Add 4Va+&+&c— g, 3 a— 5Va+&— 4&c, 8Va+& 
— 6c^_5a + 10 6c, 4 a + 3 Va+^ — 7 &c, 4 a — 6 Va+~6 - &c, 
9 Va -h & — a 4- 3 6c, 5 Va+~5 — 8 a 4- 5 6c, and 9 6c — 
8Va4-6 - 7 a. 

17. From the sum of m^ -f 3 mn — n^ and m^ — 4 mn + w^ 
take m^ + 5m?i — w^. 

18. From a® + 5a* + 4a* + 3a' + 2a2 + a + l take a^ + 
6a^ -4a* -3a3 + 2a2- a + 1. 

19. Find the value of 

8 w — [a; — y + {n + a; — (6 — w) 4- y } — w — y]. 

20. Find the value of 



a._[_4a-{-66-(-8d + 66-a + cr)n- 

21. Multiply a*"+"+^ 4- 6«+"-^ by a"»+**+^ — 6"*+"-\ 

22. Multiply m* — m*4-m* — m'4-m^— m4-l by m4-l. 

23. Multiply a* 4- a6 4- 6^ a^ - a6 4- 6^ a* - a^ft^ + 6*, and 
a® — a*6* 4- 61 

24. Divide a^ 4- 6^ 4- c^ — 3 a6c by a4-6 4-c. 

25. Divide a"4-y'* by x-\-y to seven terms. 

26. Divide af^ — y^ by x — y to seven terms. 

27. Solve 8a;-64-5a?-9 = 4a?4-30. 

28. Divide a:' — y" by x^yi 

29. Expand (m — n) (m 4- n) (m^ 4- w^ (m* 4- n*). 

30. From ISm^ — 6mn — Sw^ take 12 m^ 4- 10 mn — 6 n^. 

31. Expand (ar^ 4- y") (a^ — 2^)- 

32. Multiply af* — a^4-y* by a:'*4-a^4-y^ 

33. Expand (3 a; - 2) (3 a; 4- 2) (9 ar^ 4- 4) (81 a^ 4- 16). 

34. Divide a« 4- 12 a'^x 4- 54 aV 4- 108 a^a^ 4. 81 a^ by a* 4- 
9a:2 + 6a2a:. 
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35. Expand (a^-{-f)^ and {20^-^30^^ 

36. Expand (a^ ^ b^ {a* - a'b^ -^ b% 

37. Find the value of 



— fa + 6 — [a — (a— 6 — c) + 6]— 6 + c{. 
38. Find the value of 



2x-\Sa-^(2y^4:a-6x)\-\3a-^(5x-Sa-5y)l. 

39. Divide x^ -\-'if by x-^y and a^ — if by x — y, 

40. Multiply (a -3) (a -3) by (a + 3) (a + 3). 

41. Divide a^'-\-b^ by a^-\-b\ 

III. COMPOSITION AND FACTORING (pp. 49-64) 

42. Expand {2x — Syf and (wx + m2/)^. 

43. Expand (2a6 + 3c)(2a6-3c). 

44. Expand (y-^7)(y — S) and (a — c)(a + 6). 

45. Factor (x + 2/)^ — (« — y)^ and a:* + x^jf -h y*. 

46. Factor a}^-b'^ and a2*-624 

47. Factor a:^^ 26 a; -120 and a^«-2/^«. 

48. Factor ar^ + 53 a; + 360 and a« - 37 a^ - 360. 

49. Find the H. C. D. of ar^ - (a + 6 + cf and (x - a)^ - 

(b + c)2. 

50. Find the H.C.D. of (a^ + 2/^), x* - a^/ + y*, and 

x^ -f aj V + ^' 

51. Find the L.C.M. of a2-2a + l, a^ — 6a-\-5, and 
a2_4a + 3. 

62. Find the L. C. M. of a:* — ^, x^ -\- ocy -\- y^, x — y, and 
a^ — y^. 

63. Find the L. C. M. of a^ -\-4:ab-21b^, a^^2ab^Sb^, 
and a^ — 6 a6 — 7 6^. 



FRACTIONS 137 

64. Factor m^— 2ajy-f n^ — a:2 + 2mii — ^. 

65. Factor ar^ — 1 + 2/2 + 2 a^. 

66. Factor (m^ + ny - (a^ - Iff. 

67. Factor a^ - i/^ __ 2 a6 + 61 

68. Factor 1 — m^ — w^ — 2 mn. 

69. Factor a^ - 23 a + 60, and a^ - 36 a? + 99. 

60. Factor a^ + 6 a - 91, and ^-^A2a-\- 441. 

61 . Factor m^ - 10 m 4- 24, and 7?-2^x-^ 105. 

62. Find the H. C. D. of a* - 16, a^ - a - 6, and (a^ - 4)2. 

63. Find the H. C. D. of m^ - m, m« + 9 m*^ - 10 m, and 

64. Find the H. C. D. of y?-l,v?-\-ly and ar^ + 2a; + l. 
66. Find the L. C. M. of a^ - y* _ ^2 ^ 2 yz and (x?-f 

IV. FRACTIONS (pp. 66-86) 

66. Eeduce ^^ ^ to its lowest terras. 

x* — b^ 

67. Reduce ^"'"^^ — — rr: to its lowest terms. 

68. Reduce . \ to its lowest terms. 

69. Reduce a^ + 2 a + 1 - ^^'+5^ to a fraction. 

a + 2 

rrn i> ^ 2a:-4 5a; + 20 3a;-15 . 

70. Reduce -, -— — ' — — , — — - to a common 

denominator. 2a. + 6' 15x + 45' 12a, + 36 
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71. Add 7 ^. r and ^ 



72. Subtract — -— from 



(a-6)(6-c) (a-6)(c-6) 

73. Multiply g + ^-^; + ^^ by ^^1±^. 

74. Divide ^^±^ - ^ by f^^:^ + ^\ 

75. Expand g + Ij and (f-^ J. 

76. Factor m^-\--^ and ^-wl 

77. Factor m^ + 2 + -i- and ar* + 2 + \' 

m^ or 

78. Factor a' - f'^±^-:i^\ 

»r. Tv/r u- 1 ar^4-2a;-63 aj2-10a;4-21 ^^ , ar^+2a;-35 

79. Multiply -T-^— — -, — r — -r-f and ■ ' ^ — • 

^^•^ a^-\-4:X-21 ic2+4a?-45' aj2-14a;+49 



82. Simplify -gj 

3-a~ 
1 



7-a 



+ 



83. Simplify (a + g>Xa-c) (a-y + c), 

(a + 6)(a -f c) (a — b){a — c) 
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V. SIMULTANEOUS EQUATIONS (pp. 86-94) 

Solve the following equations : 

4:X — 5y = 5, 



84. 



85. 



10x-\-7y=:71. 



a; 4-3 



y = l. 



86. 



f 2x4-.y ^29 
x — Sy 4' 

^±i_?__.Vzil . 1 = 31. 
2 4 ^4 ^ 



2 



87. 



m n 
71 m 



89. 



- + -=1. 
X y 



88. 



90. 



.5 X -\- .7 y = m, 
.05 a; — .9 y = n. 



aa; 4- 6^/ = c, 
6a; + ay = d. 

91. If the length of a rectangle is increased 5 feet and 
the width 3 feet, the area will be increased 270 square feet; 
but if the length is diminished 3 feet and the width 5 feet, 
the area will be diminished 266 square feet. What are the 
dimensions of the rectangle ? 

92. A, B, and C can do a piece of work in 20 days ; B, C, 
and D in 24 days ; A, C, and D in 30 days ; and A, B, and 
D in 36 days. How long will it take each to do it ? 

93. A boy bought a apples and 6 oranges for n cents, and 
at the same rate b apples and a oranges for m cents. What 
was the price of each ? 



140 GENERAL REVIEW 

94. A and B play marbles : A loses to B as many as B 
has, then B loses to A as many as A now has, after which 
it is found that each has 24 marbles. How many had 
each at first ? 

95. A and B together had $ 2200 : A lost \ of his, and B 
lost \ of his ; when it was found that each had the same 
sum of money. How much had each at first ? 

96. In a political convention a resolution was passed by 
a majority of 30 votes ; if ^ of those who voted for it had 
voted against it, the resolution would have been lost by 
42 votes. How many voted ? 

97. A certain sum of money at simple interest amounted 
in m years to $ a, and in n years to $ 6. Find the sum of 
money and the rate of interest. 

98. A boy went to a store and spent $^ more than ^ of 
his money ; at a second store he spent $ \ more than ^ of 
what he had remaining ; and at a third store he spent $ ^ 
more than \ of what he had yet remaining, and then found 
that he had $ 5 left. How much had he at first ? 



99. In a mile race M gives N a start of 20 rods, and 
beats him 40 seconds ; in the second heat M gives N a start 
of 48 seconds, and beats him 10 rods. What is the rate 
of each per hour ? 

VI. INVOLUTION AND EVOLUTION (pp. 96-113) 

Square : 

100. a-\-l-\-g-\-e-\-h-\-v-^o, and 2a + 36-f6c-f-^. 

101. r + e +_p -f ?/ -h 6 + Z -f i -h c, and 1 + a: + a^ -h a^. 

102. Z — m— p — g— r+s, and A-\-Bx-{- Coi? + Doi?. 
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Cube: 

103. m -h 0? — y, and a — b — c — d. 

104. m — n —J? + y, and a? + y — » — to. 

Expand : 

105. (a-^by. 108. (2a-f&)*. 111. (5a — 6 «^)*. 

106. (« — 1/. 109. (3a?— 2 y)*. 112. {a-\-b)\ 

107. (l-xf, 110. (2aj2-3y2)4. 113. (a - &)». 

Find the square root of the following : 

114. 4a« + 5a^ + 12a*-5a2-10a3 + 2a4-l. 

116. a^ - 4 a& -f 4 &2 + 6 oc - 12 6c -f 9 c* - 8 ad -f 16 6(f 
24cd + 16(^. 

116. a^ -- 6 a6 + 9 &2 4. 8 ax - 24 &aj + 16 a^ - 4 ay + 12 62/ 
16 a?y -f 4 ^. 

Find the cube root of the following : 

117. 27m«+171m*-54m«-188m3-150m+125+285m2. 

118. a3-3a2 + 9a-13 + — -^ + -. 

a or or 

119. a^" - 6a** + 21 a^-44a^ + 63a^- 54a" + 27. 

120. \/l ,371,330,631. 



121. V706,157,817,625. 

VII. QUADRATIC EQUATIONS (pp. 114-184) 

Solvp the following equations : 

122. (x -\- 2)3 + (Ic - 2)3 = 56 x. 

123. (a; + 3)* + (aj-5)(a; + 4)=61+5aj. 

124. (x-2)(a; + 3) + (a? + 4)(a?-2) = 274 + 3a?. 
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X— o x-\-o 

126. ?! + 4 = ?^!^. 
3 6 

127. a^-14a? = 51. 

128. «2_20a? = 300. 

129. a^ + 30a; = -29. 



131. 0^4- 4a; = l. 

132. (a? + 3)*4-2aa? = 9. 

133. aa^4-4a^a:+a6— 5a^ 

134. iB2-120a; = 1584. 
136. or* + 100 a? = 204. 

136. 2/2_eoi/ = -500. 

137. 0^ — riaj = m. 



=0. 



130. a^-10a; = — 9. 138. a^ + 2(n + l)a; = — 4n. 

139. a^ + 2(m — n)a: = 4mn. 

140. a:2_2(a + 6)aj = 3a2-&2__2a6. 

141. Three times the square of a number increased by 
5 exceeds five times the number by 177. What is the 
number ? 

142. A flower bed is 8 feet wide and 10 feet long. How 
wide must a walk be made around the outside of it to con- 
tain as many square feet as the bed ? 

143. How much are buttons per dozen if 6 dozen cost as 
many cents as the number of buttons you can buy for 8 cents ? 



144. 



145. 



146. 



X y 

2 a; - 2/ = 10, 
. a^ = 12. 

'8aj»-2/3 = 37, 
. 2aj-y = l. 



147. 



'aJ2/ = 20, 
.0^ + 2^ = 41. 



148. 



149. 



aJ — y + VaJ — ^ = 2. 



^ + 6? = 16, 

f y 



iB + 2/ = 6. 
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150. 



X y ' 



153. 



154. 



151 



•{ 



152. 



2x^y^% 

a; + 22/=7. 



155. 



ra^ + 2^ + a; + y = 62, 
. ajy = 14. 

r (a!+3/)'+4(a!+y)=117, 

f 3^ + 2/^=5, 
3^ + 2/^=65. 



156. The sum of two numbers is 12, and the sum of their 
cubes is 468. What are the numbers ? 

157. The sum of two numbers multiplied by their differ- 
ence is 60, and their product is 16. What are the 
numbers ? 

158. The distance around a rectangular field is 60 rods, 
and its area is 200 square rods. Find its dimensions. 

159. A and B have each a square field. The combined 
area is 2500 square rods, and 280 rods of fence are required 
to inclose both. What is the value of each, at $80 per 
acre? 

160. The fore wheel of a carriage makes 10 revolutions 
more than the hind wheel in going 120 yards; but if the 
circumference of each is increased 1 yard, the fore wheel 
will make only 6 more revolutions than the hind wheel in 
going the same distance. What is the circumference of 
each wheel? 

161. The sum of the squares of two numbers is 25, 
and the sum of the products obtained by multiplying 
each number by the cube of the other is 300. Find the 
numbers. 
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VIII. PROGRESSIONS (pp. 125-188) 

162. Given ^""^ + ^ = -^ to find x. 

a a-^x 

163. Given a-\-(x-l)d = ^±Z^ to find x. 

X 

164. Given ^-^^^ = 1±. to find x. 

d x-^l 

165. Given — ^^^^— = Z — (a? — l)d to find x. 

x 

166. Given Z = 36, n = 12, and s = 234 of an arithmetical 
progression to find the first term. 

167. Given a = 3, d = 5, and 8 = 255 of an arithmetical 
progression to find the last term. 



. 
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12 wi2n2 ^ 2 n*. 12. - 7 w2 + wn + 13 n^. 13. 0. 

Page 24. — Ex. 15. 0. 16. 14 (a - 6). 17. -19ax + 23 6y. 

Page 25.— Ex. 4. 6x. 5. — 5x. 6. 7ax2. 7. — 7ax2. 

8. 8w-8». 9. 2a-6-c. 10. 96-2d + 2a2. 11. a6. 

12. -x2y2. 18. 2x8-2. 14. m2_2ww + n2. 16. a* + 6». 

16. -x^-4x*. 17. - 6-8. 18. 2(a + 6) - 6(c - d). 

Page 26. — Ex. 3. a — c. 4. a + c. 6. — a — c. 6. — a + c. 

7. 23 a. 8. 23 a. 9. 5 a. 10. -23 a. 11. -23 a. 12. -5 a. 

13. 5a. 14. -5a. 15. 4a6. 16. -26 + 2c. 17. 2a6. 
Page 27. —Ex. 18. 2 -f y + xy + 2 2/2. 19. 2xy + 2y2. 

20. 6a^6 + 2 68. 21. 2x^ + 2x2 + 2. 22. 5 x^y + 5 x^y^ + 5 xy8. 
23. 6x*2/ + 9x8y2 4.iia;2y« + 4xy*H-2y*. 24. - 2 x« - 2 x«y~ + 8y«. 
25. - 6 x2 + 11 y3 + 16 «2. 26. 3(a - 6) + 15(c + d). 27. 7 m^ 

— 14m;i + 1. 

Page28. — Ex. 1. 2x2-xy-fv2. 2. a6 + 62. 3. 0. 4. 2xy. 
6. 2x2-3y2. 6. 4a6. 7. n^ ~ mn. 8. 2 a2 - 2 a6. 

9. (x-2/) + (a- 6). 10. (mH-n)H-(x-y). 11. (4-x) + (y-a). 
12. (a-x) + (m-f n). 13. (a - 6) + (m + n)H-(x - y). 

14. (c 4-<i) + (m- n)-f (x+2). 16. (2 - x)H-(a - 6) + (w - n). 
16. (a - 6) + (c - d) + (m - n). 

Page 29. —Ex. 17. a + 6. 18. y. 19. 2x—y. 20. — n. 21. 2 6. 
22. - 2y. 23. - m + n. 24. a - 5 6. 25. 2 x2. 26. 0. 27. 0. 

28. (m-n)-(p—q) — {d — x)-\-(y-z). 29. — (a-6)-(m -f 7i) + 
(2-3y)-(2^ + m2). 30. (x - 2 y) + (ar - 4)-(m + n)-(i) + g). 
32. (a - m)x + (6 — n)y - (c + /))«. 33. (2 + a)x - (3 + 6)y — 
(4 - c)z. 34. (4 w - 3 n)x - (3 a + 5 c)y + (5 6 - 8 m)^. 

Page 30. — Ex. 36. a -f 2 6 - c ; a - 6 - c + d. 37. a - 2 6 + c ; 

- n -+- 6. 38. 6. 39. X - 5 a + 6 6 + 8 d. 40. x + 5 a - 12 6 + 7d. 
Page 33. — Ex. 3. —8. 4. —10. 6. 12. 6. —ax. 7. —ax. 

8. ax. 9. a^ 10. x\ 11. w«. 12. - ai2. 13. - x". 14. wi». 
16. x'»+~. 16. a3». 17. x7«. 18. x^™. 19. a2». 20. x"»+»+5. 

21. - a2»+i. 22. - a»+2. 23. w^n-i. 24. v2h+2. 25. x^. 26. a*. 
27. - a^. 28. aio. 29. - x^^. 30. ?/««. 31. 6 x^ - 54 x. 32. 3a26c + 

3 a62c - 3 a6c2. 33. 4 m^n - 2 win^. 34. 3 x^y - 3 xyS. 35. 4 a«6c + 

4 a68c - 4 a6c8. 36. 3 x^y -f 3 xy» + 3 x2y2. 37. 5 x^y - 10 x2y2 4. 
5x2/3. 38. - 3 a36 + 9 a262 - 3 a68. 39. 3x* + 3x8 + 3x2 + 3x. 
40. 3 a66 - 9 a868 + 3 a6^ 41. - 2 a*6 + 6 a862 - 2 a6*. 42. 6 mH 
+ 6 w2n2 + 6 m»8. 43. 4 a^ + 4 a* - 4 a2. 44. 4 a2«6»» -4 a«+«6»»+2 + 
4 a'»62». 
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Page 35. — Ex. 7, x^+lOx + 25. 8. a;^ - 10 a; + 25. 9. x^ - 25. 
10. a;-«+ 10a; + 21. 11. x2_i0a;H-21. 12. a;^- 11 a; + 24. 

13. x^ + 2 xy + y'\ 14. x^ - 2 ary -f V^- 15. x^ - y'K 16. a;* - y*. 
17. 6 x^ + 4 xV - 9 x3y8 - 6 y6. 18. 7?i« - n*. 19. a« + 6«. 




Page 41. — Ex. 3. 3. 4. - 3. 5. - 3. 6. 3. 7. a. 8. a. 9. x\ 
). x«. 11. a«. 12. n«. 13. - a*. 14. - a». 15. a. 16. x^. 

21. x^-a. 22. x»-". 

-4a2/2. 26. ~3a5. 



- 6 x-iy - 9 + 10 x] 

- h'^c + rtc2 + 6 a6c 



Page 44. — Ex. 6. x - y. 6. x^ - 2 xy + y^ 

8. a^-ab-\- V^ ; a* - a^h + a262 - ab^ + 6^ 9. w 
a;2y2 + y4. 11. 3x-l. 12. x* + 2x8 + x2-4x- 
14. a* + 3 a26 + 3 a?)2 + 68. 

Page 45 . — Ex. 15. 3 x + 2 y + 2. 16. a^ - cfib^ + a<6* - a^fts + fts. 
17. a8_a<54 4.58. 18. m8-2. 19. x* - x^ + x^ - x + 1. 

20. 3m2-2n + l. 21. y^ + x^ 22. x^ + 2x + 4 ; y* - 3j^2 + 9. 
23. x« + 2; x8-7. 24. x + 2x2-5x8. 26. Sx^ + 2xy+by^. 

Page 47. — Ex. 1. a + 6. 2. a-b, 3. «» 4. ^f^, 4. 52. 

4. a^ + a^b + ab^ + bK 5. «« - a26 + a&2 _ 58. e. a^ + a*6 + 
a8&2 ^ <j258 ^. a64 + 66. 7. a? ^ a^^ + ^852 _ ^258 + ab* - b\ 

8. a« + a^ft + a*62 + (jSfeS _|. ^254 + afts + 66. 9. a« - a^fe + a<62 _ 
a868 + a%^ - ab^ + 6«. 10. a^ + a«6 + a^b^ + a*b^ + a'ft* + a^b^ + 
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a6« + 6^. 11. a^ - a'^b + a^b^ - a^b^ + «'M - a-b^ 4- ab^ - b\ 

12. a8 4- a^& + rt«62 + a&58 + 05454 + ^866 + a^fe* + «&^ + 6^ 18. «» - 

15. x« - a;'^2/» + j/«. 16. a;^ + a;8y + a;Y^ + a:«y« + ^6^4 4. ^.lys + 

x^jfi H- a;'^y^ + xy^ + y®. 17. a^ — a^y^ H- a;*y* — x^2^ + y®. 

18. a^ - a:*2/* + 2/8. 19. xi2 _ 3510^2 _|. a;8y4 _ a-s^e 4. x^ys _ a;2yW + 2^^^- 
20. x*-a;V + 2/«. 21. x^-xV + j/*. 22. a^a _ ^95^ 05552 _ 0^858^.54. 
23. m^ - m^^n -^rn^^n:^ - mhi^ + n*. 24. a^ + x^ + x« + x» + x* + 
x«4-«2 4-a; + l. 25. x2-3xH-9. 26. a^^- 4a + 16. 27. 1 + n + 
?i2 + »8 _|. ,i4 _|. ;i6 ^_ ^6 ^_ ^7 + ^8. 28. ai» ~ ai26 + a^b^ - a*68 + 6*. 

29. x* + x* + x8 + x'2 + x+ 1. 30. m2 + 5m + 26. 1. - 7 a + 

6 6+46 c. 2. 43a2_5a64.44 52. 3. ~(d+a)n8+(a+d)»24.8nm. 

Page 48. — Ex. 4. 4 m^ + 16 mn - n^. 6. - a^ + 26 a'^b - 

4rt62_j.236«. 6. -6m5+8m*-3m8+w2-6m+2. 7. w*+2w2»2+»4. 

8. x* + x2y2 + y4. 9. m2 + 2m6 + 62_a2. 10. 2x2-3xy + y2. 
11. m2-m~6. 12. x^-xy + y\ 13. ^a-b-c, 14. 0. 

15. a - 3 6 + c + 1. 16. a^ - aY + «V - «V + 2/". 17. a^e - 
a^b'* + 618. 18. xi2 + xV + x6y* + xV + y®. 19. x = -1 ; 2/ = 1. 
20. X = 7; 2^ = 8. 21. x=-5;2^ = 2. 

Page 49. —Ex, 1. a2 + 2 ax + x2. 2. a2 + 2 an + n2. 3. x2 + 
2X2/ + 2/^.* 4. y2 + 22/6 + 62. 5. 62 + 26c + c2. 6. w2 + 2wm + n2. 

Page 50. — Ex. 7. iP + 2 In -\- rt^, 8. a2 + 2a?n + TO2. 9. r2 + 
^r« + «2. 10. x2 + 4x + 4. 11. x2 + 6x + 9.. 12. 2/^ + 

8 2/ + 16. 13. a2 + 10 a + 25. 14. 4 + 4 x + x2. 16. 49 + 14 w + m\ 

16. 25 + 10 n + n2. 17. 36 + 12 x + x'^. 18. 4 a2 + 12 ah + 9 62. 

19. 25 a2 + 40 a6 + 16 62. 20. 9 x2 + lSxy + 9 y^. 21. 4 a^ + 20 ax 
+ 25 x2. 1. a2 - 2 a6 + 6^. 2. a2 - 2 ax + x2. 3. x^-2xy-\- y\ 

4. y'^ -2 2/6 + 62. 5. n2 - 2 mw + m2. 6. 62 - 2 6c + c2. 7. X^ - 
2 i» + n2. 8. 052 _ 2 aw + w2. 9. s2 _ 2 s« + t\ 10. x2 - 4 x + 4. 
11. 2/2 -62/ + 9. 12. a2-8a+16. 13. 4-4x+x2. 14.9- 

6 m + m2. 15. 16 - 8 x + x2. 16. 4 a2 - 8 a6 + 4 62. 17. 9 x2 - 
18X2/ + 92/2. 18. 16 x2 - 40 X2/ + 25 2/2. 19. 4 x2 - 20 xy + 25 2/2. 

20. 49 x2 - 42 X2/ + 9 2/2. 21. 9 ?»2 _ 42 win + 49 n2. 

Page 51. — Ex. 1. a2 - c\ 2. m^ - a^, 3. x2 - n2. 4. x2 - y\ 

5. a2-x2. 6. 4a2-62. 7. a2 - 9 62. 8. 16a2-4 62. 

9. 9 x2 - 25 2/2. 10. 25 x2 - 25 2/2. 11. 9 ?»« _ 100 n2. 12. ^2 _ 4 b\ 

13. 2/*^ - 9 ^2. 14. 25 z^ - 16 2/2. 15. a2x2 - b'^y'^. 16. a262 - 4 c^. 

17. 4a262-9c2. 18. 16 m2n2- 9 x^. 

Page52. — Ex. 1. w2 + 5m + 6. 2. x2 + 9x + 25. 3. 2/^ + 

7 2/ + 12. 4. a2 - 5 a + 6. 5. n2 - 10 n + 21. 6. c2 - 15 c + 50. 

7. x2 + 3 X - 40. 8. x2 + 8 X - 20. 9. y'^ + iy- 21. 10. m2 - 
6 m - 24. 11. x2 - 2 X - 120. 12. y^ - 13 2/ + 36. 13. a2 + 
(X + y)a + X2/. 14. c^ + {d ■Vf)c + df. 15. x2 + (2/ + z)x + yz, 
16. a2 + (c - 6)a - 6c. 17. m2 + (x - y)m - xy, 18. a2 + 
(6 — c)a — be. 

Page 53. —Ex. 1. 2x2x6 aa66. 2. 2x2x2x2 mmmnnn. 

8. 2x3x3x3 Qcxxxxyyyy. 4. 2x2x2x2x2x2 aabbbcccc. 
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6. 3x3x3x3 aaabbb. 6. 2x2x3x3x3 mmmmmmnnn. 

7. 2x2x2x3x5 xxxxy. 8. 2x2x2x2x3x3 aabbbbccc. 

9. 2x2x2x3x3x3 mmaann. 10. 5x5x6 aaabbb, 

11. 3x6x7 xxxxyyyyyy. 12. 13 x 13 mmmmmmaaaaaaaa. 

Page 54. — Ex. 2. (m + w) (w — n). 8. (c -f <?) (c — d). 

4. (a + y)(x - y), 5. {x + l)(aj - 1). 6. (1 + m)(l - m). 

7. (2w + 3M)(2m-3n). 8. (4 a + 6 6)(4a - 6 6). 9. {2x+ly) 
(2x-7y). 10. 3x3(2 6+3 m)(2 6-3 w). 11. (xy-{-ab){xy-ab). 

12. (??i2_|_ii2)(„i^,j)(^_^). 13. (m*+n*)(m2+w''2)(m + w)(m-n). 
14. (w8+n8)(m* + »*)(wf^+w'^)(w + n)(?n-w). 16. (a*+6'*)(a2+6) 

(a-* - 6). 16. (a~ + 6»*)(a» - 6«). 19. (a + b -h c){a + b - c). 

20. (a;+2/-i-2)(a;+2/-2). 21. (w+n4-i?)(wH-n-p). 22. (a-x+2/) 
(a— a;— 2/). 23. (i— »+m)(i — n-m). 24. (a; + 2/+2?)(x— y— 2). 

25. {a+b-c)(a-b-\-c), 26. (c + wiH- w)(c - w - w). 27. (x + 
a—y)(x—a-\-y). 28. (x+2/ + m + ?i)(x+2/-w-w). 29. (a+6 + 
c+d)(aH-6-c— d). 30. (x— y+2!-t?)(x— y— 5?+t?). 31. (m+p) 
(m-2n-i>). 32. (xH-y-l)(x-2/+3). 33. (ax +6yH-c«- dt?) 
(ax+6y-cs+dv). 34. (m^-^n^-\-a'^-b^)(m^-\-n^-a^+b^). 

'age 55. — E 

(y+x-^z)iy- 
{a-b-y). r 

43. (xH-y+l)(x-ry--i;. 

(a* + a86 + a%^ + aft^ + &*). 
a26* + a66 + 66). 6. (a^ - 6^ 

8. (x^ — v) (a^ + 2^2/ + ?/^) • ^. ^ ,„,„ ,_ ,„ 

10. (m2-y8)(w8H-mV+mV+w*V+V^)- ' H^ (x8-V)V+^^y*4- 
1/8). 12. (m-6)(m2+5m+125). 13. («+6)(n-6). 14. {a-b^){a:^ 
+a6«H-6i2). 15. (i_5)(i 4.64-62). le. (2 -62) (4 +2 62+6*). 

17. (a2-68)(a8+a<*68+a*66+a269+6i2). 

Page 56. —Ex. 3. (w + 71) («^^ - mn + n2). 4. (a + 6)(a* - 0586 
+ «262 - ab^ + 6*). 5. (w + 6) (m« - rn^b + m*62 - w868 + m26* - 
7w66 + 6«). 6. (x2 + 62) (x* - x262 + 6*). 7. (w2 + m2) (nS - n^rri^ + 
n^m* - n^m^ + m^). 8. (x* + y^) (x^ - x*|/* + y^), 9. (a2 + y2) 

((112 _ (ji0y2 + a^yi _ o6y5 4_ rt4j,3 _ a^yxo 4. yi2). 10. (x2 + 2/) (x8- x^y 

+ x*2/2 _ a;2^ 4. 2,4). 11. (m2 + n3)(m*-m2n8 + n6). 12. (x + 3) 
(a;2 _ 3 X + 9). 13. (a2 + 6^) (a* - a266 4. 610). 14. ( w + 1) (n* - n^ 
+ yi2 _ ^ 4. 1). 16. (a + 6*) (a* - a^b^ + a268 _ ^612 + b^fi). 

16. (m2 + n*) (m< - m2w* + w^). 17. (2/2 + ^jS) (y* _ 2/25?5 + 2;io). 

Page 57. — Ex. 2. (w + ?i)2. 3. (x + y)\ 4. (a + x)2. 

5. (p 4. ^)2. 6. (a + m)2. 7. (2 « + 6)2. 8. (a + 3 6)2. 

9. (2a + 3 6)2. 10. (4x + 32/)2. 11. (m + 8)2. 13. (m - w)2. 

14. (c - d)\ 16. (?/ - x)2. 16. (a - d)2. 17. {p - g)2. 

18. (3x-2/)2. 19. (4a -1)2. 20. (5a -4 6)2. 21. (10x-8 6)2. 
22. (a - 13)2. 

Page 58. —Ex. 24. (a + 2)(a + 6). 25. (a + l)(a + 12). 

26. (X + 4)(x + 5). 27. (w + 2)(m + 10). 28. (x + l)(x + 20). 
29. (m + 4)(m + 6). 30. (x + 3)(x + 8). 31. (y + 2)(2/ + 12). 
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82. (5? + !)(« + 24). 83. (n + 2)(n + 41). 86. (x-2)(x-7). 

86. (a-2)(a-3). 37. (w - 2)(wi - 11). 38. (y - 5)(y - 6). 

39. («- 6)(2f-10). 40. (m-7)(w-13). 41. (a; - 7)(3C - 15). 

42. (y - 8)(y - 15). 43. (a - 7)(a - 11). 44. {z - 6)(« - 17). 

46. (a: + 8)(x-2). 47. (y + 9)(y-3). 48. (« + I0)(2r - 4). 

49. (m+ll)(w-5). 60. (n + 12)(7i - 6). 61. (a: + ll)(x - 4). 

82. (2/+ 12)(y-3). 63. (« + 13)^2 - 5). 64. (wiH- l«)(m - 3). 

66. (?i + 24)(»-4). 

Page 59. —Ex. 67. {x - 12) (x + 4). 68. (y - 10) (y + 6). 

69. (m- 12)(m + 7). 60. (» - 20)(7i + 4). 61. (2: - 15)(« + 9). 
62. (s-r2)(s + 10). 63. («-30)(i + 8). 64. (x - 14)(x + 10). 

66. (y-10)(y + 9). 66. (^r - 13)(s + «). 2. a(a + 6)2. 3. a(a + 

6 + c)(a + 6-c). 4. x-^(x+ 1)^. 8. y{y + \)\ 6. x(x + 3)(x + 4). 

7. 2/(y- 16)(y + 4). 8. xi^x - y){x'^ + xy -{- y^). 9. y(y -\- x){y* - 
y^x + y2a;2 _ yx,z + a^4). 10. a(a* + 54) ^^[2 ^ ji^^^ + 5) (« _ 5). 

11. 9» (w^ + u^) (wi* -r niH^ + »*) (m + n) (w^ — wi» + n^) (m — ») 

Page 60. —Ex. 1. (x^ + y2)(x + y)(x - y). 2. 2(x - 1)2. 

3. (m + 9)2. 4. (a + & -c )(a - 6 + c). 6. (m2 + «2)(^4 _ 

Wl2rt2 + ,i4). e. (X2 + y2) (a;8 _ a;6y2 + jc^yl _ ^-Sj^ + 2,8). 7. (6 y + 1)2. 

8. (x8 + y8)(x* + y*)(x2 + y^)(x + y)(x - y). 9. (y - l?0(y + 10). 
10. (a + ll)(a-9). 11. (a;+ a + 6)(x-a-6). 12. w(l + n) 
(l-« + »2)(l-n)(l + n+?i-^). 13. (?»-15)(m4-8). 14. 2x2xxxy. 

16. (W - 16)2. le. (wi _ ;i +p)(|^ _ ;i _ p). 17. (^2 _ lyi + c2 - rf2) 

Ca2 _ 52 _ c2 + ^2). 18. (a + 9)(a - 10). 19. (x + 11) (x - 12). 
20. (X + y H- 1)2. 31. m^(m -+- l)(m« - m^ + m* - m* + m - 1). 

22. (22-1-10)2. 23. (x-l)2(x+l). 24. (x + l)(x2+l). 

Page 61. — Ex. 3. 3xysr. 4. 6 ni2,i2. 5. 4 mH'^y^ 6. 7 l^m^ii^. 
7. (x-y). 8. (x + y). 9. ^xy^z'K 10. 5(x - y). 

Page 62. — Ex. 11. 10 x% 12. x + y. 13. x + 3. 14. x^ + y2. 

16. X + 2. 16. X + 3. 17. X + 9. 18. x^ - y^. 19. x-y. 
20. a + 6 + c. 21. a + 6 - c. 22. m + w. 23. x2 + y2. 

24. m - 4. 26. 6 + c. 26. x H- 4. 27. w + c. 28. x2 — x + 1. 
29. m + 3 y. 30. m - 4. 

Page 64.— Ex. 3. 24x8y25r. 4. 60 a^^c\ 6. x^ - y^. 6. x^ - ys. 
7. x3 - y6. 8. xs - 1. 9. 4 (9x2 - 1). 10. y^ - 1. 11. y8 _ 9 y2 + 
26 y - 24. 12. x* + 9 x^ + 11 x2 - 81 x - 180. 13. xi2 _ yi2. 

14. x8 - 76 X + 240. 15. [a'^ - (6 + c)2] [^2 _ (ft ^ c)2]. 16. a^ - h^. 

17. X* - 2 x2y2 + y». 18. xi2 - yi2. 19. 6 (1 + x + x^ + x^ + X* + x^). 
20. X* - 2 x2y2 + y4. 21. «« - 5 n2 - 64 w + 320. 22. a^ - 1 1 a2 
- 64 a + 704. 23. wi^ + 9 m2 + 26 m + 24. 24. x* - 1. 

25. X* - 2 x2y2 + y*. 26. a* + 2 a» - 19a2 - 8a + 60. 
27. (m + n + a)2(m ^ n — a), 

Page66.-Ex. 3. ii"?. 4. _cL. 5. y-?». 6. li^. 

Zn 2a6« 14 n 4x82 

7. A£-. 8. ^. 9. ''-y . 10. «±2. U. i±A. 
5 nfirfi 6 2»-3x o-2 2x-3 
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12. -^:-L_. 13. ^il^. 14. «+JLl. 16. J!Lz±. 

x^ — x + l x-y a + 12 m - 10 

a* + a^ft + a'^b'^ + a6« + 6** * (a + &)2 * ' m-n~ a 

19. ^ - y + ^. 

Page 67. — Ex. 3. rK^-j. xy +y2 4. j^JL. 4. x^-x^y-\-x'^y^-xy^+y*, 

X — y 



a: + y a - 6 

8. x^ - x^y + a:t/2 _ yS 4. Jjl. 9. x + a. 10. x'^ - y^ + ^ -^ . 

a + y x^ 4_ 2,2 

11.1 Srt^. 12. x2-2aj + 8- ^^ . 13. 3aj + 2-^^-=-I. 

(a + 6)2 a: + 2 4a;2 + l 

14. a^-a + — ^Lui 15. 6a; - 14 + -^^. 16. m - « - ^ 



17. x2 + 1 + 



a2 + a + 1 a: + 4 w»+n 
a;+3 

■ • 

Page68.-Ex. 2. -2^. Z. ^^^^. 4. -i«^. 6. 1«^. 

a; — y a: + l' a + 6 a + b 

a 2xy-\-2x^ - w2 + n2 5 ^2 - 2 a; - 1 ^ ^^V^ 

O. '^ • I. • o. . V, — -• 

X + y m -\- 71 2x — \ x^ — xy ■\- y^ 
10. «^. 11. 2 



Page70.-Ex.2. «-'; A^ Z.m^^^, 4. «-^ A. 6.?^^;^, 



• rt 2 6 6« 4 c .. a'^-ab ah-\-b^ c 

10. — ; — ; — • 11. ; ' — ; 

abc abc abc a^ — 62 ^i. _ 52 q;i _ ^2 



ab ab ny ny 4 c 4 c x^^y'^ x'^y^ 

Q Sa 36 - 2» 2 m o «win 6;i2 cm « 3 c2 

4 a6 4 a6 5 mn 5 mn m'^ti^ m^n'^ mhi^ 12 ac 

Sa Sn 

12 ac' 12 ac* 

12 wt . yi(«2-fa6 + fe2) ^ ;9(a - 6) jj « - 1 . q+l . 1 

' a8-63' a5-68 ' ^8 _ ;,8 ' '02-1' a2-l' a2-l 

j^ 2 a:(3; + y) . 3y . 4 g(a;2 - a;y + y2) ^^ a; + 2 

a:8 + y» ' x^ + j/S' a:^ H- y^ * a:^ + 3 a:2 - 4 x - 12 

2 X - 4 3a: + 9 ^g « (a:2 - xy + y"-) 

x^ + 3 a:2 - 4 a: - 12 ' jcS + 3 x-2 _ 4 a; - 12* ' a:* + a;2//2 + y^ * 

6 (x^ + xy -j- y2) c 

X* + a;2v2 + y ' x* + xV + y** 

Page 71. — Ex. 2. x= 10. 3. x = 6. 4. a; = 12. 6. a: = 20. 
6. a; = 24. 7. x = 12. 8. a: = 6. 9. a; = 12. 

Page 72. — Ex. 10. a; = 60. 11. a; = 315. 12. x = 42. 13. x = 6. 

14. x = 15. 16. x = -2i. 16. x = 12. n.x=-7j\. 18. x = 60. 
19. X = - 1 20. X = 35. 21. X = 6|. 22. x = 25. 23. x = 3 ; y = 2. 

24. X = 9 ; y = 8. 25. x = 60 ; y = 48. 26. x = 6 ; y = 8. 27. x = 2 ; 
2/ = 6|. 28. x = 37i; 2/ = 22i. 
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Page 73. — Ex. 1. 40. 2. 60. 3. 40; 20. 4. A, $4000; 

B, $«000. 6. $8000. 6. 49; 60. 7. 21 ; 63. 8. 20; 100. 9. 30; 
160. 10. 120; 360. 

Page 74.— Ex. 11. 19 ; 61. 12. 29 ; 121. 13. $900. 14. 40 miles. 
15. 90 miles. 16. 64 miles. 17. 4^ days. 18. 12 hours. 

Page 76. -Ex. 3. «L£61+£?. 4. "*' + »'+/>'• 6. 2iM_«. 

abc mnp d 

g yz^xz-\- xy ^ 2m g a^ + b^ ^ 2(a;2 + y^) 

xyz ' ' rn^-n^' ' a^ - b^' ' x^ - y^ ' 

10 ^ + n\n — n^ -- 2 -g m^ -{• m -{■ mn 4- 3 n 

wi3-n2 * •3:2+43.^3' * (w+l)(m + 2)(w + 3)" 



is: 



l-a:2 



17. 4. 



18. 



14. 

4ab 



a^-b^ 



abc 



a^-b^ 
Page 77.— Ex. 20. 



19. 

1 



15. 

2y 
a;2_2/s 



X — z 



16. 



m^ — 2 mn — n^ 
m^ — »2 



x^ + x-6 

a: + 2 



24. 



2)2+6 a:+6 
2 



21. 



3c2_5x+6 
2a; 



22. 



25. 



a;2 + 10 a; + 24 x^ _ ^2 

28. -^1^. 29. «!±2«M. 
a*H.a2+l a^-b^ 



a;2+ 5x4-6 

26. ^y 



80. 



x^-y^ 
6X-27 
a;2_4 ' 



81. 



x2 _ 4 a; + 3 



32. 



a; + 1 



33. 



Page 78.— Ex. 3. — 



4. 



a'^b 



x^-2x ^ 
x3 + l ' 



6ab 
n 



5. 



6. 



a62 



n cd 

2am g 86^y. 9 ^{a + y) . |q 4q 

71 'a * a - y * a;2 + ys 

U. 1^. 12. («-y)C^-f^) 13. _ 2 . 14. 3«C^^+a:y+y2) 



Page 79.— Ex. 7. 



x-1 



a-a: 



a 



PageSO.— Ex. 3. - 

m 



4. 



2a: 



a:2-a;+l 
a + x 



5. 



6. 



x2~2xy4-y2 
1 M m 



7. 



8. a. 9. 



3a a-b " a^-b^ " m+l 

in _1- « /J-i J. K IT -I- 1 .^i 



13. 



a + 6 



a2 + a6 + ft'^ 
^. 14. 



?» + n 



a — V 



16. 1. 



x2 + 8 X + 15 

16. 1. 17. «izL«?^4A^ 



a_2>_c a; + y 

jg^ (m2 + n2)(m4-n)2 ^^^ ^^ 
wi* + m2»2 _|. n* 



a«+ 6« 



Page 81. — Ex. 8. ^. 

ox 



4. — • 

ax 



6. A, 

mn 



6. 



2x 

■ ■ I I M I 

6a& 
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Page82.-Ex.7. :J^. 8.-^. 9. '^ + ^ + f . 

16 m^n^ 5 amhi zy 

10. ^L±l. 11. «^. 12. ^r^y. 13. -«-. U. ?l+*+I. 
X — y a + 1 xy a — 1 x+1 

15. «'-3 



Page83.-Ex. 8. 52. 4. 2». 5. 20«™£. e. ("» " ")' . 

6 3x 21cd!/ .(m + n)« 

o* + a^6 + a68 + 6* x x x 

11. nta+i^ 1 12. »i2_i+JL. 13. x2 + 6x+9 



w2 w2 x=2 - 11 X + 18 

14. ^! + ^^-^^ 16. 1. 
m2 + 2 m - 15 

Page 84. -Ex. 16. t«±^^£}!. n. M±^. ig. — ^1 

Page 85. -Ex. 3. ^L^^ 4. «^. 6. «^±^'. 6. 1. 

w + 1 ac — a + b 

- b^ - an g am -h 2 m + 2 ^ a^ + a — 2 ^^ y -\- x 



b^ + an am — 2m — 2 — a'^ + a -\-2 y — x 

?. 12. J1±J_. 13. rrfi-m-l ^^ _^ 

y x^ 4- 2 X m^ — m^ — 2m -\- \ 



-s 2nx -fl x2-9x + 20 

10. — ; -• iO. — ; —• 

o'^ + x2 x-2 + 4 X + 3 

Page 87. — Ex. 2. x = 3 ; y = 2. 3. x = 4 ; y = 6. 4. x = 6 ; 
y = 4. 6. x = 6;y = 4. 6. x = 4;y = 2. 7. x = 7;2/ = 2. 8. x = 6; 
y = 9. 9. X = 6 ; y = 8. 10. x = 10 ; y = 20. 11. x = 12 ; y = 8. 
12. X = 7 ; y = 3. 13. x = 12 ; y = 5. 14. x = 6 ; y = 2. 16. x = 2 ; 
y = 3. 16. X = 5 ; y = 10. 17. x = 3 ; y = 2. 18. x = 12 ; y = 36. 
19. X = - 16 ; y = - 30. 

Page 88. — Ex. 2. X = 1 ; y = 2. 3. x = 2 ; y = 1. 4. x = 3 ; 

y= 2. 6. X = i ; y = J. 

Page 89. — Ex. 6. x = 3 ; y = 4. 7. x = 6 ; y = 10. 8. x = 1 ; 
y = 6. 9. X =4 ; y = 2. 10. x = 7 ; y = 8. 11. x = 6 ; y = 12. 
12. x=16;y=16. 13. x=20;y = 10. 14. x=5;y=4. 16. x = 2; 
y = ll. 16. x = 3;y = 12. 17. x = 10; y = 100. 

Page 90. — Ex. 2. x ='\(a + 6) ; y = \{a — b). 3. x = m ; y = n. 

A « _ tt'^ — bn , -. _ an — bm . ^ _ a -\- nb . ., ^a — mb 

•• X — — — ) y — — r ~ • o. X — } y — • 

a2 - 6S ' " a'i - 62 m + n m+n 



m -{- n wi + n a ft 

1. x = 20; y = 27}. 2. x = 8 ; y = 3. 3. x = 7 ; y = 5. 

^ ^ a'^bm — abhi , „, a^ftw — aft^m » ^ i . ,. n e ^ k. 

a^—^a a^ — b^ 

y = f 7. x = 12;y = 8. 8. x =- 7J; y = IJ. 
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Page91.— Ex. 9. x=2 ; 2/=3. 10. x=2 ; 2^=3. 11. »;=-?—; 

y = 7- 12.x = l;y = i, 13. a; = i;y = J. 14. a; = J;y = J. 

a — 6 

15. X — • ; y — • 16. a; = ; y = • 

am ■\-hn an — bm 2 a — ob Sa — 2b 

Page 92. — Ex. 2. x = 4 ] y = 6 ; z = S. 9, x = 2 , y = ^i ; z = 1. 
^, x= \2; y = li); z = S. b. x = S ; y = b ; z = 7. 6. a;=5;y = 3; 
z = 7, 7, x = l2, y = 24; z = S6. S. x = S; y = 2; z = b. 

Page 93. —Ex. 9. x = ^ ; y = 2 ; z = j. 10. x = b; y =6; z=7, 
11. x=H; y = l; z=\, 12. a:=^; y=^'; ^=^* 

13. x = 10; y = 20; ;? = 30. 14. x=^-±-^; y =^LzS; z -9LZLk . 

a ^ ^ 

16. x=f ; j^=2 ; =1. 16. x=4 ; y=6 ; = 8. 17. ic = a + 6-c; 

y=a-6-|-c; 0=-a + &+C. 18. a;= » — » 2/= ^"^ — » 

^^ac-fl2-,,6 J ii2i miles. 

2 

Page 94. — Ex. 2. 1969 men. 3. 3 miles. 4. 40 lbs. at 60 cts. ; 
80 lbs. at 90 cts. 6. Sugar, 5 cts. ; tea, 60 cts. 6. Horses, % 80 ; 
cows, % 30. 7. Oranges, 3 cts. ; bananas, 2 cts. 8. Lemons, 3 cts. ; 
oranges, 4 cts. ; bananas, 2 cts. 9. A, 8 rods ; B, 6 rods. 10. A, 
28i\ days ; B, 20|J days ; C, 68J days. 

Page 96. — Ex. 3. 9rt«ic*. 4. 64 0:6^12. 5. _ 32 aio^cio. 

6. - 27 m6;ii2. 7. d^b'^'^c^. 8. - 125 a^ft^i. 9. _i_ anV>««. 10. a*«66n. 
11. 64m9ni2. 12. ±a^''m^, 13. a^b^&^, 14. - 32 a^n^s^ 

16. -ii^. 16. ??^^'. 17. -?i^^^. 18. ?i^. 19. ±^-^ 

20. -^^. 21. !»!:^. 22. ^'. 28. ^^. 

64 m8 ?t"y8» 4j/« Iba^fts 

Page 97. —Ex. 2. a2 + 62 + c2 + fP + 2 aft + 2 ac 4- 2 a(i + 2 6c + 
2 6d + 2 cd. 3. x'^ + y^ + z^-\- u'^ + 2xy-\-2xz + 2xu + 2yz-\-2 yu 
+ 2 2?«. 4. h^ -f- «^ + ?t2 + 2 ;i« + 2 ;iM + 2 tu. 6. a;'^ + 2/2 -l ^2 ^ ^2 
- 2 a:?/ + 2 a:^: - 2 y?f - 2 2/2 + 2 y?t - 2 2?w. 6. wi2 + n2 + p2 + ^2 ^ ^2 
4- 2 wi» — 2 wp + 2 mq — 2 mo — 2np + 2nq - 2 no — 2 pq + 2 po — 
2 qo. 7. Z2 + m2 + t)"^ + 92 _|_ ^2 _ 2 Zm + 2 ?p - 2 /(? + 2 Zs - 2 ?»p + 
2 m^ - 2 ms - 2pg -f 2^8 - 2 gs. 8. a^ + P -\- g'*- + e^ -\- b"^ -\- r'^ + 2 al 
■^2ag-^2ae-{-2ab-k-2ar-\-2lg-\-2le-\-2lb-\-2lr-\-2ge-\-2gh-{- 
2gr-j-2eb -^2er -\-2br. 9. x2 4- n2 + w2 + p2 + ^2 _ 2 xn - 2 xm — 
2xp + 2xz +2 nm + 2 np — 2nz-^2 mp — 2 inz — 2pz. 

Page 98. — Ex. 2. m'^ + (2m + n)n. 3. a2 + (2 a + b)b. 

4. f2 + (2 J + u)u, 6. ^2 _|. (2 ;^ + ^)^ ^ [2 (h '\- 1) -\- m]m. 6. w2 + 
(2 m -{■ n)n — [2 (m -\- n) -p]p+[2 (m + « — p) + gjg'. 7. x2 — 

(2 X- y)y + [2 {X - y) + z}z - 12 {X - y -^ z) - u]u. 
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3. m8 4- 3 m^-x + 

3 ab^' + 58 + 

+ c)(I^ + dK 

8. x3 + 




Page 100. — Ex. 2. a* + 4 a^ft + 6 a^^a ^. 4 ^^8 _|. 54. 3. ^fi+S a*ac 
+ 10 a^x^ 4- 10 a^ofi + 5 ax* + a;5. 4. ^^ + 6 m^n + 15 m^n^ + 20 7nH^ 
+ 15 m^n* + 6 win^ + »«. 6. aj^ + 7 a:«2^ + 21 a:6<,2 + 35 a^^/S 4. 35 x^y^ 
+21 3c2y5+7 xy«+2/^ 6. aj« + 8 x^y+28 x^j/HSO x^yS+yo xV 4-56 x^^/S 
+ 28 xY + 8 xy^ + 2/8. 7. x^-9x^y-h 36 xV _ 84 x^y^ + 126 x^y* 

- 126 xV + 84 x8^ - .36 xV + 9 xyS - 2/^. 8. a^ - 10 a^b + 45 a^b'^ 
-120 a"6H210a654_252a6&6-f210a*ft6_ 120 rt^ftT 4,45 ^jfft8_iOfl59+ftio. 

9. m'l - 11 m^^n + 55 mV^ - 165 niH^+S^O mH^-iG2 m^n^-{-462 mhi^ 
~ 330 mhi' + 165 m^n^ - 55 m%9 ^ n mn>o _ y^ii, . 10. »? + 9 x^n 
+ S&xhi^ + 84x67i8 + 126 x^w* + 126,x*n5+84xW + 36x2w7+9xw8+n«. 
11. m«-6m5?i+ 15m*»2-20mW*+15wi2;i*-6w;z6+726. 12. x^ - 
7 x^y + 42 xSy2 _ 70 x*2/3 + 70 x V ~ 42 x^j^^ + 7 j.^^ _ y7. 13. ^^8 _ g wi^w 
+ 28 m!^n^ - 56 m^n^ + 70 in*;i* - 56 mH^ + 28 w^w* - 8 mn'^ 4- w»., 

Pkge 102. — Ex. 2. * ± 5 a62. 3.-4 a^bK , 4. ± 7 wi7i2a.8. 

6. ± 4 ab-^cK 6.-2 m^i^ics. 7. a^feScSx*. 8.-8 a^n^Trt^x. 

9. ±fl«62n.ci6di». 10. ±^y". 11. ?i?*^'. 12. --^^. 13. ±^. 

6 a268 3 ^854 2 x-^2/3 5 m 

Page 103. —Ex. 3. x + 1. 4. w + n. 6. y -♦* 2. 6. 3x + 2. 
t. x-y. 8. 4 X - 3 y. 9. a» - 6». 10. x^" + 2/^». 

Page 104. — Ex. 11. m^ + 2 mn + S n^. 12. x^ - x - 2. 

13. wi«-m2-m-l. 14. 4 n8-3 7iH2 w-1. 16. a^-2a^-\-6a-\-S. 

Page 106.— Ex. 3. 65. 4. 72. 6. 85. 6. 47. 7. 238. 8. 567. 
9. 876. 10. 972. 11. 2004. 12. 3405. 13. 3764. 14. 15,813. 

Page 109. — Ex. 4. m — w. 6. 1 - 2 m. Q. y"^ + y — 1. 

7. x8 + 3 X - 9. S. a-b. 9. m^ - n\ 10. 1 - 3 x + 4 x\ 
11. y^-Sy + 2, 12. a2 _ 2 a + 1. 13. a^ - 3 a + 2. 14. y^ - 
2/3 + y - 1. 

Page 113. — Ex. 3. 63^ 4. 64. 6. 85. 6. 83. 7. 76. 8. 93. 
9. 123. 10. 325. 11. 345. 12. 392. 13. 652. 14. 4321. 
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Page 115. — Ex. 3. ±8. 4. i 11. 6. ± 12. 6. ± 4. 7 . ±7 . 

8. ±Va Th. 9. ±10; 10. ± y/ac - ah, 11. ±^i^t_^. 

12. ±\/^^i-^- 13. ±5. 14. ±\/— 2^ — 16. ±6. 16. ±3. 
^a — c _ ^n — tn 

17. ±8. 18. ±>/7. 19. ±7. 20. ±2. 1. ±12. 2. 20. 

3. Length, 160 rods ; width, 32 rods. 4. 27 men. 5. i 18. 

Page 116. — Ex. 6. 123. 7. d= 10. 8. ±6. 9. ± 8. 10. ± 30. 

11. ±05. 

Page 118. —Ex. 4. 4 ; - 10. 5. 15 ; - 5. 6. 21 ; - 1. 

7. 6 J - 18. 8. 3 ; - 23. 9. 12 ; - 8. 10. 10 ; - 18. 11. 1 ; - 15. 

12. 18 ; - 2. 13. 20 ; - 2. 14. 3 ; - 33. 15. 25 ; - 1. 

16. 21 ; - 19. 17. _ 2 ; - 12. 

Page 119.— Ex. 3. 3; -3|. 4. 3 ; - 2^. 6. 2; - 2^. 

6. 5 ; - 3f. 7. 2 ; - 5J. 8. 4 ; - 5. 9. 2 ; - IJ. 10. 3 ; - 4f. 
11. 4 ; - 2|. 12. 5 ; - 6J. 13. 9 ; - 7}. 14. 2 ; - 2|. 16. 2 ; - 4^. 

16 - ^ i: ^"4 gc + b'^ 
2 

Page 120. —Ex. 2. 6; 12. 3. 13; 20. 4. 3; 25. 5. 6. 

6. % 20. 7. % 90. 8. % 30. 9. 20 rd. ; 60 rd. 10. 20 ft. ; 28 ft. 

Page 122. — Ex. 3. x = 6 ; 2/ = 2. 4. x = 6 or 2 ; y = 2 or 0. 

6. « = 6 or 4 ; y = 4 or 6. 6. x = 10 ; y=2. 7. x=2 or 9 ; y—^ or 2. 

8. X = 7 or 2 ; y = 2 or 7. 9. x = 5 ; 2^ = 3. 10. x = 10 or 14 ; 
y = 14 Qr 10. 11. X = 20 ; 2/ = 4. 12. x = 3 or 6 ; 2/ = 6 or 3. 
14. X = 4 ; 2/ = 3. 15. X = 1 ; 2/ = 2. 16. x = 1 ; 2/ = 1. 

17. X = 4 ; y=\. 

Page 124. — Ex. 24. x = ± 1 or ± 5 ; y = ± 5 or ± 1. 26. x = ± 4 
or ± 2 ; y = ± 2 or ± 4. 28. x = ± 1 or ± 3 ; 2/ = ± 3 or ± 1. 

27. X = 1 or 4 ; 2/ = 4 or 1. 28. x = ± 2 or ± 3 ; 2/ = ± 3 or ± 2. 

29. X = 1 ; 2^ = 4. 30. X = 7 ; 2^ = 3. 31. x = 3 or 2 ; 2^ = 2 or 3. 
32. x = 8or -3; y=\ or -10. 33. x=±2or ±10; 2/=±10or ±2. 

34. X = 7 or 2 ; 2^ = 2 or 7. 35. x = 4 or 3 ; 2^ = 3 or 4. 1. 12 ; 2. 

2. 3; 6. 3. 6; 4. 4. ± 3 ; ± 1. 5. 10 ; 15. 6. 7 ; 1. 

Page 126. — Ex. 3. 23. 4. 60. 6. 88. 6. 122. 7. 124. 8. 2 n. 

9. 2 71-1. 10. 3w -2. 

Page 128.— Ex. 3. 100. 4. 210. 6. 420. 6. 1404. 7. 855. 

8. n\ 9. ?i2^.,i. 10. ^^K^ + 1) . 1. 156. 2. 300. 3. 57,900ft. 

4. 257J ft. 6. 3, 5, 7, .... 6. 1, .3, 5, .... 7. 2, 4, 6, .... 
8. 6, 12, 18, .... 9. 3, 7, 11. 10. 3, 8, 13. 

Page 130.— Ex. 3. 2187. 4. 2048. 6. 6561. 6. 1,048,576. 

7. 3«-i. 8. 2»». 9. 3«-ia». 10. ± 3--1. 11. — • 12. ^ 



2n-i 3n-l 

Page 131.— Ex. 3. 29,524. 4. 8190. 6. 4095. 6. 8191. 
7. 44 287. 

Page 132.— Ex. 8. -341. 9. 2»- 1. 10. i (3«-l). 11. ?!^^. 

12. J?lzdV 2H-I 
" \ 3»»-i ] 
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Page 133.— Ex. 1. 2. 2. IJ. 3. IJ. 4. IJ. 6. IJ, 6. |. 7. J. 

8. |. 9. i. 10. f 1. 1, 6, 25, .... 2. 1, a2, a*, .... .3. 1, 2, 

4, b, .... 4. 1, i, 1, .... 6. $4096. 6. $10,485.75. 

Page 134. — Ex. 1. 6. 2. 14. 3. 156. 4. 76. 6. 1624. 6. 116. 

7. 84 = 84. 8. 196 = 196. 9. 36 = 36. 10. 2744 = 2744. 

11.216 = 216. 12.11,111 = 11,111. 13.6. 14.11. Ib.SSo^^- 
38 xy - 23 y'\ 

— 6 mn + n^, 
f - 12 6 + 7 d. 



Page 135. — Ex. 16. 10 Va~Tb + 15 6c - a, 17. m^ - ( 
18. 8 a* + 6 a* + 2 a. 19. 7 n - 2 « + 6 -f y. 20. 5C + 6 a - 

21. a2"»+2»+2 _ j2m+:in-2. 22. W^ + 1. 23. tt^^ + „ . 

24. a^-ab-\'h^-ac-bc + c'K 26. x^-i - a:»-*^ + x^Y^ - «*»-*y« 
+ x"-5y* — x»»-6y5 ^ x"-^2/« — etc. 26. »«-^ + x»-^2/ + aj^-^y"* + «""V 



+ a;«-V + a:"-V + «"~V + etc. 27. a; = 5. 28. x» + xV +«*y* 
H- x^y'i + a;2y8 ^ a;yio ^ yU^ 29. w^ - n^. 30. 6 m^ - 16 mn + n^. 
31. X* - y2«. 32. x2« + 2 x»y» + y^n _ a;2y2. 33. 6561 x^ - 266. 

84. a* + 6a2x + 9x2. 




X - 14 
68 x8 - x^yg 4- xV - x^ + y« ^ a^ - a +2 «^j 12 (x - 2) 

a:*-xV+y* ' * a + 2 ' ' 12 (x + 3)' 

4 (x + 4) 3 (x - 5) 

12 (X- 3)' 12(x + 3)* 

Page 138. — Ex. 71. , ^-^-V 72. ^Jl^— _. 

{y-z){x-z) (a-h)(c-b) 

Y3^ x+jHL£. 74. _2«fe_. 75. ?? + 2 + 2^; «-'-2 + ^'. 

x-y-;? a2 + 62 y2^ x^' 52 ^2 



"•("■-S)(--f+S^{r")(^*7-)- "-K 



)■ 
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^ (g- + &^)^ 81. a_+3. 82 «-^-^« + 20 , 83 ^' " ^^ 

5C* + y* a - 3 ^2 + 4 a + 3 a^^ + 6c 

Page 139. — Ex. 84. a=6; y=3. 85. «=7J; 2/=2i. 86. x=lS; 

y^3. 87. a; ^ rnn{an + fem) ^ m7^(6/^ - am) ^ 88 x-^^^-=^. 

ad-6c ^' + ^^' ^' + ^' ^'-^-a^-fta' 

2/ = 2_i,2 ' 89. X = wi + n ; y = »M + w. 90. a; = f J(9 w + 7 w) ; 

y = iKwt - 10 w). 91. Length, 40 ft. ; width, 27 ft. 92. A, 108 da. ; 

B, 66i| da.; C, 43^ da.; D, 1080 da. 93. Apples, ^'^"^^V; 

am — hn ^ a — o 

oranges, — — —j^. 

Page 140. — Ex. 94. A, 30 ; B, 18. 95. A's, $ 1000 ; B's, $ 1200. 

96. 150 voters. 97. Principal, ^^ ^ ^^ dollars ; rate, 100(«-fe) o/ 

n — m i)m~ an 

98. $47. 99. M, 18 mi. ; N, 14t16 mi. 100. a2 + Z2 4. ^2 + ^2 + 52 + ^2 

-\-o^ + 2al + 2ag + '2ae-]-2ab -\-2av + 2ao -h2lg + 2le -\- 2lb -{- 
2lv + 2I0 + 2ge + 2gb + 2gv -\-2go -\-2eb + 2ev + 2 eo -^2bv + 
2bo-h2vo; 4 a^ + 9 6-^ + 36 c^ + c?^ + 12 a6 + 24 ac + 4 ad + 36 60 + 
6 6d + 12 cd. 101. r^ + e^ -\- p^ -h u^ + b'^ + l^ -^ i^ -{- c^ -]- 2 re -\-2rp 
+ 2 rw H- 2 r6 + 2 W + 2 ri + 2 re + 2 ep + 2 e« + 2 e6 + 2 6Z + 2 ei + 
2 ec H- 2;}?/ + 2p6 + 2 pi + 2pi + 2pc -^ 2ub + 2ul + 2 ui -{- 2 uc -\- 
2bl-\-2bi-h2bc + 2li-i-2lc-\-2ic; 1^2z + Sx^-^ix^-\-Sx^-\- 

2 a^ + rc6. 102. 1'2 -\. m^ -\- p^ -{- q^ -{- r^ + s^ - 2 Im - 2lp - 2lq - 2lr 
+ 2ls -\-2mp + 2mq + 2mr — 2ms-^ 2pq + 2pr — 2ps + 2qr — 2qs 
-\-2rs; A^ + 2ABx+(^& + 2AC)x^ + 2{AD+BC)x^ + (C^-^2BD)x^ 
+ 2 CDx^ + i)2x6. 

Page 141. ~ Ex. 103. m^ + 3 m^x + 3 wia;2 + x^ - 3 (w + x)^y + 
3(m + x)2/2 - 2^3 ; a^ - 3 a^b + Sab^ - b^ -S(a- b)^c + 3(a - b)c^ 
_ c8 - 3(« - 6 - c)2(i + 3(a - 6 - c)(22 - d^. 104. m^ - 3 mH + 

3 mn2 - n^ ^ Z(m - n)^p + 3 (wi - n)p2 _ ^8 + 3 (17^ _ n - p^y -h 
3(m - w - jr))y2 + ?/8 . ^s + 3 ic2y + 3 xj/*-^ + ^3 _ 3 (^ + y)?^ + 3 (x-^y)z^ 

-z^-S(x + y- zyw + 3 (x-^y-z)^^ - w?^. 105. a^-S a'^b+2S a^b^ 
-66 a^b^+70 a*b*-6e a^b^-\-2S a^b^-S ab'^-\-f^. 106. x^-G x^+lS a* 
-20x8 + 15x2 _ 6x + 1. 107. l-6x + 15x2-20x8+l5x4-6x6+x6. 
108. 16a4+32a86+24a2624.8a68+ft4. 109. 243 x6-810x*2/+ 1080 x8y2 
-720x22rH240xy*-32v^. 110. 16.'r8-96xV4-216x*2/*-216x22/64.81 yS. 

111. 3126 a6_i8,750 a*'6+46,000 a862_54,000 a268+ 32,400 aM-7776 b^. 

112. a» + na-^b + lIZLni) a«-262 + n(yi-l)(H-2) ^^.g^g ^^^ 

1.2 1.2.3 

113. an - wan-16 + ^(^-l)an-2^2 _ n (n - 1) (n - 2) ^^,3^8 + etc. 

1.2 1.2.3 

114. 2a8+3a2_a_i. 115. a-2& + 3c-4d. 116. a-3&+4x-2y. 

117. 3m2-2m+6. 118. a-H-?. 119. a2«-2a'»+3. 120. 1111. 

a 

121. 8905. 122. ± 4. 123. ± 6. 124. ± 12. 
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Page 142. — Ex. 126. ±7. 126. ±5. 127. 17 ; - 3 

128. 30; -10. 129. -1; -29. 180. 1 ; 9. 131. - 2 ± VS. 

132. 0; -(6 + 2 a). 133. - 2 g J: V4 g-^ + 5 q - 5 . 134. 132 ; - 12 

135. 2; -102. 136. 10; 50. 137. i{n±y/4t m + n^. 138. -2;-2n 
139. 2 w;- 2 m. 140. 3 a + 6 ; 6 - a. 141. 3;-llJ. 142. 1.844+ ft 
143. 4^ per dozen. 144. a = J, i ; 2/ = i, J. 146. a; = 6, - 1 

y = 2, - 12. 146. a; = 2 ; - IJ ; s^ = 3, - 4. 147. x=±i, ±5 
y = ± 6, ±4. 148. X = 6, 10 ; y = 4, 0. 149. a = 4, 6f ; y = 2, -f 

Page 143. — Ex. 160. x=i; y = l. 161. x = 2, 4jPt ; y = 5, - j^i 
182. x=3, -5J; 2/=2, 6J. 163. x=2, 7 ; y=7,2. 164. x=8, -3; 
2/ = 1, - 10. 166. x=±l, ±2; y=±2, ±1. 166. 5 ; 7. 

167. ±2, ±8. 158. Length, 20 rd. ; width, 10 rd. 169. A's, 

$800; B's, a 450. 160. 3 yd. ; 4 yd. 161. 3 ; 4. 

Page 144. - Ex. 162. x = - d±VSds + {2a - dy . 

2 

163 d-2a±V(2 a-dy-\-S ds ^^^ .j,_ d±V(2 l-{-d)^-^ds , 

2d '_ ' 2 

166. ^ = 21+d±V(2TTdZEM. 166. 3. 167. 48. 

2 



